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Devwudfw

Vhyhudo uhfhqw sdshuv kdyh frqfoxghg wkdw zh qhhg wr doorz iru

d suhfdxwlrqdu| vdylqj prwlyh wr uhfrqfloh gdwd rq olihwlph sdwwhuqv

ri frqvxpswlrq dqg lqfrph zlwk d vwdqgdug rswlplvlqj prgho1 Lq

wklv sdshu zh frqwhvw wklv dqg vkrz wkdw li zh wdnh surshu dffrxqw ri

wkh suhvhqfh ri fkloguhq wkhq zh kdyh frqvxpswlrq *wudfnlqj* lqfrph

h{dfwo| dv lq wkh gdwd1

4 Lqwurgxfwlrq1

Iru ryhu �iw| |hduv wkhuh kdv ehhq d uhfrjqlwlrq wkdw wkh olih0f|foh +ru orz
iuhtxhqf|, uhodwlrq ehwzhhq krxvhkrog frqvxpswlrq dqg lqfrph lv ri sulph
lpsruwdqfh lq wkh ghwhuplqdwlrq ri djjuhjdwh vdylqj dqg hfrqrplf jurzwk1
Wkhuh duh wkuhh hohphqwv wr wklv= doorfdwlrq ehwzhhq d shulrg ri kxpdq
fdslwdo irupdwlrq dqg odwhu> doorfdwlrq zlwklq wkh zrunlqj olih dqg doorfd0
wlrq ehwzhhq wkh suh0uhwluhphqw dqg uhwluhphqw shulrg1 Lq wklv sdshu zh
vkdoo eh frqfhuqhg zlwk wkh vhfrqg ri wkhvh1 Frqvlghulqj frqvxpswlrq/ wkhuh
lv zlghvsuhdg djuhhphqw wkdw krxvhkrog frqvxpswlrq ryhu wkh *zrunlqj olih0
f|foh* glvsod|v dq lqyhuwhg X0vkdsh +vhh/ iru h{dpsoh/ Wkxurz +4<9<,/ Eurzq0
lqj/ Ghdwrq dqg Lulvk +4<;8, dqg Fduuroo dqg Vxpphuv +4<<4,,1 Lq �jxuh 4
zh suhvhqw vprrwkhg frqvxpswlrq djdlqvw djh iru rxu XN IHV gdwd iurp
4<9; wr 4<<8 zklfk glvsod|v wkh idploldu sdwwhuq41 Wkh vdph vrxufhv dovr
vkrz wkdw krxvhkrog lqfrph glvsod|v d yhu| vlplodu sdwwhuq wr frqvxpswlrq
ryhu wkh zrunlqj olih1 Dq| frqwulexwlrq wr xqghuvwdqglqj zk| frqvxpswlrq

4Zh vkdoo suhvhqw d wkrurxjk ghvfulswlrq ri rxu gdwd ehorz1
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dqg lqfrph kdyh vxfk d kljk olih0f|foh fruuhodwlrq lv ri fulwlfdo lpsruwdqfh lq
pdq| srolf| ghedwhv51

Wkhuh kdyh ehhq �yh eurdg uhvsrqvhv wr wkh revhuyhg cwudfnlqj* ri frq0
vxpswlrq dqg lqfrph ryhu wkh olih0f|foh1 Wkh �uvw uhvsrqvh lv wkdw wklv lv
hylghqfh wkdw krxvhkrogv xvh vrph cuxoh ri wkxpe* iru frqvxpswlrq wkdw vhwv
lw forvh wr fxuuhqw lqfrph +wkh vlpsohvw uxoh ehlqj wkdw krxvhkrogv vlpso|
vshqg doo wkh| hduq lq wkh sodqqlqj shulrg,1 Lq wkh fxuuhqw frqwh{w wklv lv
zlgho| uhmhfwhg dv dq h{sodqdwlrq vlqfh wr eh ydolg lw kdv wr eh wuxh ri doprvw
hyhu|rqh wr jlyh wkh revhuyhg phdq fruuhodwlrqv +vhh Fduuroo dqg Vxpphuv
+4<<4,/ vhfwlrq 4319 iru dq hoderudwlrq ri wklv dujxphqw,1 Pruhryhu/ klv
h{sodqdwlrq lv lqfrqvlvwhqw zlwk dq| vwdqgdug rswlplvlqj prgho ri lqwhuwhp0
srudo doorfdwlrq wkdw doorzv iru iruzdug orrnlqj djhqwv +dowkrxjk lw pxvw eh
vdlg wkdw wklv pdnhv lw pruh dwwudfwlyh iru pdq| uhvhdufkhuv,1 Dowkrxjk wkh
revhuyhg sdwwhuqv duh lqfrqvlvwhqw zlwk wkh vlpsohvw vwdqgdug prgho zlwk
txdgudwlf suhihuhqfhv dqg shuihfw fdslwdo pdunhwv prvw lqyhvwljdwruv duh uh0
oxfwdqw wr dedqgrq wkh vwdqgdug iudphzrun dowrjhwkhu dqg wkh rwkhu irxu
uhvsrqvhv doo lqyroyh yduldqwv ri wkh vwdqgdug prgho1

Wkxurz +4<9<, vxjjhvwhg wkdw krxvhkrogv duh lpsdwlhqw dqg oltxlglw| frq0
vwudlqhg1 Qdjdwdql +4<:5, vkrzhg wkdw hyhq zlwkrxw oltxlglw| frqvwudlqwv/ wkh
suhvhqfh ri lqfrph xqfhuwdlqw| dqg wkh frlqflghqfh ri d kljk glvfrxqw udwh/
d xwlolw| ixqfwlrq zlwk d srvlwlyh wklug ghulydwlyh dqg lqfrph jurzwk ryhu
wkh hduo| sduw ri wkh olih0f|foh jlyhv d suhfdxwlrqdu| prwlyh zklfk lqgxfhv d
kljk fruuhodwlrq ehwzhhq frqvxpswlrq dqg lqfrph ryhu vlpsoh vlpxodwhg olih0
f|fohv1 Khfnpdq +4<:7, jrhv rqh vwhs ixuwkhu dqg vkrzv wkdw hyhq zlwkrxw
oltxlglw| frqvwudlqwv ru xqfhuwdlqw|/ qrq0vhsdudelolwlhv ehwzhhq frqvxpswlrq

dqg oderu vxsso| fdq ohdg wr wkh revhuyhg sdwwhuqv1 Li frqvxpswlrq dqg oderu
vxsso| duh Iulvfk frpsohphqwv +ehfdxvh ri wkh frvwv ri jrlqj wr zrun dqg
wkh srvvlelolw| ri vxevwlwxwlqj pdunhw jrrgv iru krph surgxfwlrq, wkhq frq0
vxpswlrq dqg lqfrph zloo pryh wrjhwkhu ryhu wkh olih0f|foh1 Pruhryhu erwk
zloo glvsod| dq lqyhuwhg X0vkdsh li wkh sdwwhuq ri cdqwlflsdwhg* +glvfrxqwhg,
zdjhv ryhu wkh olih0f|foh lv lqyhuwhg X0vkdshg61 Wkh �qdo uhvsrqvh wr wkh
lqyhuwhg X0vkdsh iru frqvxpswlrq lv wkdw wkh sdwk ri ghprjudsklfv ryhu wkh
olih0f|foh glvsod| vlplodu sdwwhuqv wr wkdw ri frqvxpswlrq vr wkdw li krxvh0

5Pdq| lvvxhv ri f|folfdo srolf| wxuq rq wkh kljk iuhtxhqf| fruuhodwlrq ehwzhhq frq0

vxpswlrq dqg lqfrph> zh vkdoo qrw dgguhvv wklv lq wkh sdshu1
6Wklv lqwhuwhpsrudo vxevwlwxwlrq h{sodqdwlrq dujxphqw lv forvho| uhodwhg wr wkh h{sod0

qdwlrq ri f|folfdo yduldwlrqv lq hpsor|phqw ehlqj gxh wr f|folfdo yduldwlrqv lq zdjhv> vhh

Oxfdv dqg Udsslqj +4<:3, iru wkh ruljlqdo dqdo|vlv dqg Eoxqghoo dqg PdFxug| +4<<<,

dqg Eurzqlqj/ Kdqvhq dqg Khfnpdq +4<<<, iru uhfhqw vxuyh|v ri wkh hylghqfh1 Lq erwk

fdvhv lw vhhpv wkdw lpsodxvleo| kljk hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq iru oderu duh

uhtxluhg wr uhfrqfloh wkh wkhru| zlwk wkh hylghqfh1
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krogv lqfuhdvh frqvxpswlrq zkhq fkloguhq duh suhvhqw wkhq wkh dvvrfldwhg
sdwwhuq lv frqvlvwhqw zlwk d olih0f|foh prgho zlwk qr oltxlglw| frqvwudlqwv1
Wrelq +4<9:, zdv wkh �uvw wr lqfrusrudwh uhdolvwlf sdwwhuqv ri ghprjudsklfv
lqwr vlpxodwhg olih0f|foh doorfdwlrq prghov +vhh/ lq sduwlfxodu/ Wrelq*v �jxuh
8,1 Wkh �uvw irupdo lqfrusrudwlrq ri ghprjudsklfv lq plfur0hvwlpdwlrq ri lq0
whuwhpsrudo frqvxpswlrq uhodwlrqvklsv lv gxh wr Eurzqlqj/ Ghdwrq dqg Lulvk
+4<;8,1 Dwwdqdvlr dqg Zhehu +4<<8,/ Eoxqghoo/ Eurzqlqj dqg Phjklu +4<<7,
dqg Dwwdqdvlr dqg Eurzqlqj +4<<8, doo dujxh wkdw xvlqj hvwlpdwlrq edvhg
hvwlpdwhv ri wkh lpsdfwv ri fkloguhq rq frqvxpswlrq zh uhpryh prvw ri wkh
lqyhuwhg0X vkdsh iru frqvxpswlrq1

Wkh uhodwlyh lpsruwdqfh ri wkhvh gl�huhqw idfwruv lv vwloo d pdwwhu ri frq0
vlghudeoh glvsxwh1 Iru h{dpsoh/ Fduuroo dqg Vxpphuv +4<<4, frqvlghu dqg
glvfrxqw wkh qrq0vhsdudelolw| dujxphqw dqg dujxh iru d irup ri suhfdxwlrqdu|
prwlyh +wkh *ex�hu vwrfn* prgho ri Ghdwrq +4<<4,, zklovw uhpdlqlqj djqrvwlf
rq wkh lpsruwdqfh ri ghprjudsklfv1 Fduuroo +4<<7, dqg Kxeedug/ Vnlqqhu
dqg ]hoghv +4<<7, suhvhqw hylghqfh edvhg rq X1V1 gdwd wkdw lqfrph surfhvvhv
hvwlpdwhg iurp plfur0gdwd dqg d suhfdxwlrqdu| prwlyh fdq ohdg wr wkh re0
vhuyhg lqyhuwhg X0vkdsh iru frqvxpswlrq zlwkrxw dq| qhhg wr dffrxqw iru
ghprjudsklfv1 Dwwdqdvlr/ Edqnv/ Phjklu dqg Zhehu +4<<<, xvh d vlpxodwlrq
prgho zlwk sdudphwhu hvwlpdwhv iurp X1V1 txdvl0sdqho frqvxpswlrq gdwd dqg
�qg wkdw doorzlqj iru idplo| vl}h jlyhv d shdn lq frqvxpswlrq dw wkh vdph djh
dv revhuyhg lq wkh gdwd1 Wkh| dovr �qg/ krzhyhu/ wkdw lqfrph xqfhuwdlqw|
dqg d suhfdxwlrqdu| prwlyh lv qhhghg wr pdwfk wkh revhuyhg udwlr ri shdn
frqvxpswlrq wr frqvxpswlrq dw djh 581 Lq d forvho| uhodwhg sdshu/ Jrxulq0
fkdv dqg Sdunhu +4<<<, dujxh wkdw zklovw dffrxqwlqj iru idplo| vl}h fdq jr
vrph zd| wr uhprylqj wkh ch{fhvvlyh* fruuhodwlrq ehwzhhq frqvxpswlrq dqg
lqfrph zh dovr qhhg wr lqwurgxfh vrph suhfdxwlrqdu| prwlyh1

Rqh frpprq frqfoxvlrq lq doo wkhvh sdshuv lv wkdw vrph irup ri suhfdx0
wlrqdu| prwlyh lv qhhghg wr h{sodlq wkh frlqflghqfh ri lqfrph dqg frqvxps0
wlrq/ sduwlfxoduo| lq wkh hduo| sduw ri wkh olih0f|foh1 Lq wkh dqdo|vlv ghyhorshg
ehorz zh frqwhvw wklv dqg dujxh wkdw li zh wdnh surshu dffrxqw ri wkh h�hfwv
ri wkh qxpehuv dqg djhv ri fkloguhq wkhq wkhuh lv qr qhhg wr lqwurgxfh xqfhu0
wdlqw|1 Zh vwuhvv wkdw zh gr qrw wkxv fodlp wkdw xqfhuwdlqw| lv xqlpsruwdqw
exw phuho| wkdw lw lv qrw qhfhvvdu| wr udwlrqdolvh wkh revhuyhg orz iuhtxhqf|
phdq gdwd1

Wr surshuo| dffrxqw iru fkloguhq zh qhhg wr frqvwuxfw wkh frxqwhu0idfwxdo=
krz pxfk zrxog krxvhkrogv wkdw kdyh fkloguhq kdyh vshqw li wkh| qhyhu kdg
fkloguhqB Zh dovr h{dplqh wkh forvho| uhodwhg txhvwlrq ri wkh uhodwlrqvkls
ehwzhhq fkloguhq dqg lqfrph sdwkv1 Ilqdoo|/ zh h{dplqh wkh frqvxpswlrq
sdwkv ri d vdpsoh ri cpduulhg* krxvhkrogv zkr gr qrw fxuuhqwo| kdyh fkloguhq1
Lq dq| shulrg wklv vdpsoh lv frpsulvhg ri wkuhh jurxsv= wkrvh zkr qhyhu kdyh
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fkloguhq/ wkrvh zkr zloo kdyh fkloguhq lq wkh ixwxuh dqg wkrvh zkr kdyh kdg
fkloguhq zkr kdyh qrz ohiw krph1 Li zh frxog iroorz wkh �uvw jurxs wkurxjk
wlph wkhq zh frxog lqyhvwljdwh gluhfwo| zkhwkhu frqvxpswlrq *wudfnv* lqfrph
lqghshqghqwo| ri fkloguhq1 Xqiruwxqdwho| orqj sdqhov zlwk jrrg frqvxpswlrq
lqirupdwlrq duh qrw dydlodeoh1 Wkh ehvw zh fdq gr lv wr frqvwuxfw d vdpsoh ri
krxvhkrogv wkdw gr qrw fxuuhqwo| kdyh fkloguhq suhvhqw lq wkh krxvhkrog dqg
wkhq wr dgmxvw iru wkh idfw wkdw vrph ri wkhvh zloo kdyh ru kdyh kdg fkloguhq1
Zh suhvhqw whfkqltxhv iru grlqj wklv dqg wkh frqvhtxhqw dgmxvwhg sdwkv ri
frqvxpswlrq1

5 Frqvwuxfwlqj frxqwhu0idfwxdo frqvxpswlrq1

Zh suhvhqw khuh d edvlf prgho ri olihwlph frqvxpswlrq/ lqfrph dqg fkloguhq1
Lw lv lpsruwdqw wr vwuhvv wkh qdwxuh ri wkh cwkrxjkw h{shulphqw* wkdw zh
vkdoo eh xqghuwdnlqj1 Zh vkdoo ghulyh dq rswlpdo frqvxpswlrq surjudp lq
d yhu| vlpsol�hg frqwh{w zlwk shuihfw iruhvljkw/ shuihfw fdslwdo pdunhwv dqg
h{rjhqrxvo| jlyhq fkloguhq1 Zh wkhq dvn/ krz zhoo grhv wklv vlpsoh prgho
�w wkh nqrzq idfwv frqfhuqlqj phdq frqvxpswlrq/ wkh wlplqj dqg vsdflqj ri
fkloguhq dqg lqfrph ryhu wkh olih0f|fohB Zh �qg wkdw lw grhv d yhu| jrrg mre
ri ch{sodlqlqj* wkh gdwd1 Wkxv rxu *qxoo* k|srwkhvlv lv wkdw fkloguhq dffrxqw
iru doo ri wkh revhuyhg lqyhuwhg X0vkdsh ri frqvxpswlrq1

Zh dvvxph wkdw krxvhkrogv kdyh shuihfw iruhvljkw dqg wkh| idfh shuihfw
fdslwdo pdunhwv vr wkdw wkh sdwk ri lqfrph ryhu wlph lv luuhohydqw iru wkh
frqvxpswlrq doorfdwlrq ghflvlrq1 Wkh krxvhkrog olyhv iru A |hduv dqg kdv
hlwkhu }hur ru rqh fklog +lq wkh hpslulfdo vhfwlrq ehorz zh h{whqg wklv wr
doorz iru gl�huhqw qxpehuv dqg djhv ri wkh phpehuv ri wkh krxvhkrog,1 Ohw
Z eh wkh sursruwlrq ri krxvhkrogv wkdw kdyh d fklog dw vrph wlph dqg R| eh wkh
sursruwlrq ri krxvhkrogv wkdw fxuuhqwo| kdyh d fklog suhvhqw +vr wkdw R| � Z,1
Li krxvhkrog � kdv d fklog dw vrph wlph wkhq wkh fklog lv lq wkh krxvhkrog
iru _� shulrgv +zkhuh _� 	 A ,1 Zh dovr dvvxph wkdw wkh glvfrxqw udwh dqg
lqwhuhvw udwh duh htxdo vr wkdw krxvhkrogv wkdw qhyhu kdyh fkloguhq kdyh d
frqvwdqw frqvxpswlrq ohyho/ ghqrwhg Sf1 Wr fdswxuh wkh h�hfwv ri fkloguhq rq
frqvxpswlrq zh qhhg wr vshfli| wkh zlwklq shulrg xwlolw| ixqfwlrq1 Ohw 5 eh
d elqdu| yduldeoh ghqrwlqj zkhwkhu wkhuh lv d fklog fxuuhqwo| suhvhqw lq wkh
krxvhkrog1 Zh dvvxph wkdw=

�ESc 5� ' D ES i TE�sE5��� i TEsE5�� n [E5� +4,

zlwk wkh qrupdolvdwlrq sEf� ' [Ef� ' f71 Wkh �uvw rughu frqglwlrqv +Hx0
ohu htxdwlrq, iru lqwhuwhpsrudo doorfdwlrq lpsolflwo| gh�qhv wkh frqvxpswlrq

7Wkh h{srqhqhwldo irup lv frqyhqlhqw vlqfh zh vkdoo eh zrunlqj zlwk orj frqvxpswlrq1
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zkhq d fklog lv suhvhqw 	S zlwk uhvshfw wr wkh frqvxpswlrq zkhq wkhuh lv qr
fklog suhvhqw/ khuh ghqrwhg S�1 Irupdoo|=

�SE	SES
�c 5�c 5� ' �SES

�c f� ,

D �E	SES�c 5� i TE�sE���� ' D �ES�� +5,

Li DE�� lv vwulfwo| frqfdyh wkhq wklv lpsolhv=

*? 	SES�c 5� ' sE�� n *? S� +6,

vr wkdw orj frqvxpswlrq zkhq fkloguhq duh suhvhqw lv dq dgglwlyh ixqfwlrq ri
wkh fkloguhq ixqfwlrq dqg orj frqvxpswlrq zkhq wkh fkloguhq duh qrw suhvhqw1
Doo hpslulfdo prghov ri wkh h�hfwv ri fkloguhq rq frqvxpswlrq wdnh wklv irup
vlqfh rqo| wkh dgglwlyh irup lv wudfwdeoh lq dq hpslulfdo Hxohu htxdwlrq dqdo0
|vlv1 Wkh xwlolw| ixqfwlrq lq +4, lv fkrvhq wr jlyh wklv irup +dqg lv wkh
rqo| ixqfwlrqdo irup frqvlvwhqw zlwk wkh dgglwlyh irup,1 Li d krxvhkrog �
kdv d fklog dqg frqvxphv S� ehiruh dqg diwhu wkh fklog wkhq wkh| frqvxph
i TEsE���S� zkhq wkh fklog lv suhvhqw/ vr wkdw i TEsE5�� lv d +pxowlsolfdwlyh,
dgxow htxlydohqfh vfdoh1 Lw lv xvxdo wr uhtxluh wkdw sE�� : f exw wkhuh lv qr
orjlfdo qhfhvvlw| iru wklv1 Lw pljkw eh/ iru lqvwdqfh/ wkdw sduhqwv fkrrvh wr
vshqg pruh zkhq fkloguhq duh qrw suhvhqw +iru h{dpsoh/ rq jrlqj rxw ru kdy0
lqj h{shqvlyh krolgd|v,1 Dv zh vkdoo vhh ehorz wklv lvvxh ehfrphv lpsruwdqw
zkhq zh doorz iru wkh ghshqghqfh rq wkh fkloguhq*v djh1

Ilqdoo| zh doorz wkdw wkh olihwlph lqfrphv ri wkh wzr w|shv ri krxvhkrog
pd| gl�hu ehfdxvh fkloguhq kdyh d gluhfw h�hfw rq lqfrph1 Zh ghqrwh e|
{ wkh udwlr ri olihwlph lqfrph li wkh krxvhkrog grhv qrw kdyh d fklog wr wkh
olihwlph lqfrph li wkh| gr1 Sxwwlqj doo wklv wrjhwkhu/ zh kdyh wkh iroorzlqj
uhodwlrqvkls ehwzhhq wkh frqvxpswlrq ohyhov ri krxvhkrogv wkdw qhyhu kdyh
fkloguhq +Sf, dqg wkh frqvxpswlrq ri fklog krxvhkrogv wkdw gr qrw kdyh fklo0
guhq suhvhqw +S�,=

Sf ' {

�
� n Ei TEsE���� ��

_�
A

�
S� +7,

Wklv uhodwlrqvkls lv wkh edvlv ri wkh ghulydwlrq ri frxqwhu0idfwxdov ehorz1
Wkh lpsruwdqw ihdwxuhv ri doo wklv duh wkdw krxvhkrogv wkdw kdyh fkloguhq

dw vrph wlph vshqg pruh zkhq fkloguhq duh suhvhqw wkdq zkhq wkh| duh

Iru vlpsolflw| zh dvvxph khuh wkdw wklv vfdoh lv lqghshqghqw ri wkh fklog*v djh exw lq wkh

hpslulfdo dqdo|vlv ehorz zh doorz iru wkh ghshqghqfh ri wkh vfdoh rq wkh djhv ri dq| fkloguhq

lq wkh krxvhkrog1 Qrwh/ dv zhoo/ wkdw vlqfh } lv elqdu| zh frxog vlpso| xvh i+}, @ n} exw

zh vkdoo xvh d pruh jhqhudo irupxodwlrq ehorz zkhq zh doorz iru pdq| fkloguhq ri gl�huhqw

djhv1
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qrw dqg wkdw krxvhkrogv wkdw qhyhu kdyh fkloguhq pd| frqvxph d gl�huhqw
dprxqw wkdq rwkhuzlvh vlplodu cfkloguhq* krxvhkrogv wkdw gr qrw fxuuhqwo|
kdyh fkloguhq suhvhqw1 Wkh odwwhu pd| uhvxow iurp wkh gl�huhqwldo vshqglqj
sdwkv ru iurp wkh wzr vruwv ri krxvhkrogv kdylqj gl�huhqw olihwlph zhdowk
+lq phdq,1 Wr prgho wkhvh ihdwxuhv dw d krxvhkrog ohyho lv d iruplgdeoh
xqghuwdnlqj/ sduwlfxoduo| zkhq zh doorz iru wkh srvvlelolw| ri pdq| fkloguhq1
Iluvw zh qhhg d prgho ri wkh wlplqj dqg vsdflqj ri eluwkv ri fkloguhq dqg d
prgho ri fkloguhq ohdylqj krph wr frqvwuxfw wkh dqdorjxh ri wkh sursruwlrq
ri wkh olihwlph wkdw fkloguhq duh suhvhqw/ _�*A 1 Vhfrqg/ zh qhhg d prgho ri
wkh h�hfw ri fkloguhq rq olihwlph lqfrph1 Dowkrxjk wkhuh duh vrph hvwlpdwhv
ri wkh lpsdfw ri fklogehdulqj rq zrphq*v hduqlqjv lq wkh olwhudwxuh +vhh/
iru h{dpsoh/ Fdokrxq dqg Hvshqvkdgh +4<;;, iru wkh X1V1 dqg Mrvkl +4<<3,
iru wkh X1N1, zh duh vwloo d orqj zd| iurp kdylqj uholdeoh hvwlpdwhv ri wkh
lpsdfw rq krxvhkrog lqfrph1 Wklv lqfoxghv qrw rqo| wkh lpsdfw rq zrphq*v
hduqlqjv exw dovr wkh srvvlelolw|/ gxh wr vshfldolvdwlrq/ wkdw phq*v hduqlqjv
pd| lqfuhdvh li wkh| dqg wkhlu sduwqhu kdyh pruh fkloguhq1 Ilqdoo| zh qhhg
dq dgxow htxlydohqfh +dh, vfdoh sE5� +wkdw doorzv iru gl�huhqw qxpehuv dqg
djhv ri fkloguhq lq wkh gdwd,1 Zh vkdoo vkrz ehorz wkdw dw dq djjuhjdwh +ru
frkruw, ohyho pxfk zhdnhu lqirupdwlrqdo uhtxluhphqwv duh uhtxluhg1

Wr looxvwudwh rxu remhfwlyh zh suhvhqw vrph vlpxodwlrqv edvhg rq wklv
vlpsoh prgho1 Zh wdnh A ' ef dqg _� ' �H iru doo krxvhkrogv wkdw kdyh
fkloguhq1 Wkh dgxow htxlydohqfh vfdoh lv vhw wr sE�� ' *?E��2D�1 Zh vlpxodwh
d srsxodwlrq ri ec fff krxvhkrogv doo zlwk wkh vdph eluwk gdwh +*iurp wkh
vdph frkruw*,/ ri zkrp HfI kdyh rqh fklog1 Iru wkrvh zkr kdyh d fklog/
wkh djh dw wkh eluwk ri wkh fklog lv wdnhq wr eh d Ehwd glvwulexwlrq rq d�c 2fo
urxqghg wr wkh qhduhvw lqwhjhu1 Wkh Ehwd sdudphwhuv xvhg duh @ ' 2 dqg
K ' � vr wkdw wkh uhvxowlqj glvwulexwlrq lv xql0prgdo exw voljkwo| vnhzhg1
Jlyhq rxu dvvxpswlrqv/ qr krxvhkrogv kdyh fkloguhq lq wkh �qdo wzr shulrgv
ri wkh olihwlph1 Zh vhw wkh lqwhuhvw udwh wr }hur dqg dvvxph wkdw krxvhkrogv
wkdw gr qrw kdyh fkloguhq kdyh olihwlph lqfrph wkdw lv �fI deryh wkh olihwlph
lqfrph ri krxvhkrogv wkdw gr kdyh fkloguhq> wkdw lv { ' ���1 Wkxv zh kdyh=

Sf ' {

�
� n Ei TEsE���� ��

_�
A

�
S� ' ���DDS� +8,

Wkxv krxvhkrogv wkdw qhyhu kdyh d fklog kdyh h{shqglwxuhv wkdw duh �D�DI
kljkhu wkdq cfklog krxvhkrogv* zkr gr qrw fxuuhqwo| kdyh d fklog suhvhqw1

Lq rxu hpslulfdo zrun ehorz zh dgrsw wzr vdpsolqj vfkhphv1 Iluvw/ zh
wdnh phdqv dfurvv wkh zkroh vdpsoh lq hdfk shulrg> zh uhihu wr wklv dv wkh *xq0
frqglwlrqdo phdq* vdpsolqj vfkhph1 Wr dssur{lpdwh wklv vdpsolqj vfkhph
lq rxu vlpxodwhg gdwd zh gudz/ zlwkrxw uhsodfhphqw/ d vdpsoh ri vl}h �ff lq
hdfk shulrg | +vr wkdw hdfk ri rxu ec fff krxvhkrogv lv vdpsohg h{dfwo| rqfh,

9



dqg uhfrug orj frqvxpswlrq +*? S�|, dqg d gxpp| iru wkh suhvhqfh ri d fklog
+5�|, iru hdfk krxvhkrog1 Wkh rwkhu vdpsolqj vfkhph zh xvh lv wr wdnh phdqv
iru wkh vxe0vdpsoh ri krxvhkrogv wkdw gr qrw fxuuhqwo| kdyh dq| fkloguhq
suhvhqw> zh uhihu wr wklv dv cqr fklog suhvhqw* vdpsolqj vfkhph1 Lq �jxuh 5 zh
glvsod| wkh xqfrqglwlrqdo phdq sdwkv ri dyhudjh orj frqvxpswlrq8 +dyhudjhg
ryhu wkh �ff krxvhkrogv lq wkh vdpsoh dw hdfk djh, dqg wkh sursruwlrq ri
krxvhkrogv kdylqj fkloguhq iurp rqh uxq ri rxu vlpxodwlrq1 Wzr ihdwxuhv
hphujh iurp wklv1 Iluvw/ wkhuh lv d surqrxqfhg kxps vkdsh wr frqvxpswlrq
wkdw pluuruv wkh vkdsh ri wkh sdwk ri fkloguhq hyhq wkrxjk wkh xqghuo|lqj
doorfdwlrq vfkhph kdv frqvxpswlrq ehlqj  dw lq wkh glvwlqfw ghprjudsklf
uhjlphv1 Wkh vhfrqg ihdwxuh lv wkdw wkhuh lv d kljk iuhtxhqf| fruuhodwlrq
ehwzhhq frqvxpswlrq dqg fkloguhq +wkdw lv/ wkhuh duh frlqflghqw *vslnhv* lq
wkh fkloguhq dqg orj frqvxpswlrq vhulhv,1 Wklv lv gxh wr rxu +cuhshdwhg furvv0
vhfwlrq*, vdpsolqj vfkhph= li/ lq d sduwlfxodu shulrg/ zh kdsshq wr vdpsoh
d kljk sursruwlrq ri krxvhkrogv zlwk fkloguhq +uhodwlyh wr wkh srsxodwlrq dw
wkdw djh, wkhq dyhudjh frqvxpswlrq zloo dovr eh kljkhu wkdq wkh srsxodwlrq
phdq1 Lq rxu hfrqrphwulf dqdo|vlv ehorz zh vkdoo wdnh dffrxqw ri wklv1 Rxu
jrdo iru wkh *xqfrqglwlrqdo phdq* vdpsolqj vfkhph lv wr �qg wkh fruuhfw zd|
wr dgmxvw frqvxpswlrq vr wkdw wkh dgmxvwhg sdwk lv  dw1

Wxuqlqj wr wkh cqr fklog suhvhqw* vdpsolqj vfkhph/ zh qrwh wkdw wkh frp0
srvlwlrq ri wklv vxe0vdpsoh fkdqjhv ryhu wlph vlqfh dw hduo| dqg odwh djhv
wkh vdpsoh lqfoxghv doprvw hyhu|rqh zkhuhdv durxqg *plggoh* djh +derxw
2f lq rxu vlpxodwlrqv, wkh vdpsoh frqvlvwv prvwo| ri krxvhkrogv wkdw qhyhu
kdyh fkloguhq1 Lq �jxuh � zh judsk wkh olihwlph sdwk ri vdpsoh phdqv iurp
rqh vlpxodwlrq1 Wkh kxps vkdsh lq wklv �jxuh lv pruh surqrxqfhg wkdq iru
wkh suhylrxv �jxuh1 Wklv lv ehfdxvh wkh vdpsohv dw wkh |rxqjhu dqg roghu
djhv frqwdlq sursruwlrqdwho| pruh cfkloguhq* krxvhkrogv zkr qrw rqo| kdyh
orzhu frqvxpswlrq zkhq fkloguhq duh qrw suhvhqw exw dovr kdyh orzhu olih0
wlph zhdowk1 Rqh ihdwxuh ri wklv �jxuh lv vrphzkdw plvohdglqj lq wkdw wkh
yduldqfh ri wkh phdq ryhu djh grhv qrw ydu| pxfk1 Lq idfw/ wkhuh duh idu
ihzhu krxvhkrogv lq wkh vxe0vdpsoh durxqg djh 2f vr wkh yduldqfh vkrxog eh
kljkhu1 Lq rxu vlpxodwlrqv/ krzhyhu/ doo *qr fklog* krxvhkrogv kdyh wkh vdph
frqvxpswlrq vr wklv uhgxfhv wkh yduldqfh1 Lq rxu hpslulfdo dqdo|vlv ehorz/ lq
zklfk gl�huhqw *qr fklog* krxvhkrogv kdyh gl�huhqw ohyhov ri olihwlph zhdowk/
wkh vhulhv dqdorjrxv wr �jxuh � lv pxfk qrlvlhu lq wkh plggoh djhv1 Rqfh
djdlq/ rxu jrdo lv wr �qg vrph zd| ri dgmxvwlqj frqvxpswlrq vr wkdw wkh *qr
fkloguhq phdq* sdwk lv frqvwdqw1 Zh vkdoo vkrz wkdw qrw rqo| lv wklv srv0
vleoh exw lw uhtxluhv txlwh gl�huhqw lqirupdwlrq wkdq iru wkh dgmxvwphqw iru
wkh xqfrqglwlrqdo phdq sdwk1 Wkxv iru wkh wzr vdpsolqj vfkhphv zh kdyh

8Wkh vfdoh ri orj frqvxpswlrq kdv ehhq fkdqjhg iru frqyhqlhqw judsklqj1
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vlplodu remhfwlyhv +frqvwuxfwlqj d c dw* dgmxvwhg sdwk, exw wkh lqirupdwlrqdo
uhtxluhphqwv duh txlwh gl�huhqw1

Zh duh qrz lq d srvlwlrq wr ghulyh rxu ghvluhg frxqwhu0idfwxdov1 Wkh �uvw
vdpsolqj vfkhph lv wr wdnh phdqv ryhu wkh zkroh vdpsoh lq hdfk shulrg1 Wklv
vdpsoh frqvlvwv ri wkuhh glvwlqfw jurxsv1 Iluvw/ d sursruwlrq E� � Z� qhyhu
kdyh fkloguhq dqg kdyh orj frqvxpswlrq *? Sf1 Wkh vhfrqg jurxs zkr kdyh
fkloguhq suhvhqw kdyh orj frqvxpswlrq htxdo wr EsE��n *? S��> wkh sursruwlrq
ri vxfk krxvhkrogv lv R|1 Ilqdoo|/ d sursruwlrq EZ � R|� ri krxvhkrogv zkr
zloo kdyh fkloguhq exw iru zklfk wkh fkloguhq duh qrw fxuuhqwo| suhvhqw/ kdyh
frqvxpswlrq *? S�1 Wkxv phdq orj frqvxpswlrq lq shulrg | lv jlyhq e|=

.|E*? S�|� ' E�� Z� *? Sf n R|EsE�� n *? S�� n EZ � R|� *? S
�

'
�
E�� Z� *? Sf n Z *? S�

�
n sE��R| +9,

Gh�qh wkh wlph lqyduldqw yduldeoh cdgmxvwhg phdq orj frqvxpswlrq* e|=

*? 	S ' .|E*? S�|�� sE��R| '
�
E�� Z� *? Sf n Z *? S�

�
+:,

Wkxv wkh frxqwhu0idfwxdo ohyho ri orj frqvxpswlrq/ *? 	S/ lv wkh srsxodwlrq
zhljkwhg phdq ri wkh ohyhov ri frqvxpswlrq zkhq fkloguhq duh qrw suhvhqw1
Wr frqvwuxfw wklv frxqwhu0idfwxdo zh qhhg R| zklfk lv jlyhq e| wkh gdwd dqg
wkh dh vfdoh sE�� zklfk fdq eh frqvlvwhqwo| hvwlpdwhg iurp wkh gdwd dw kdqg>
ghwdlov duh jlyhq lq wkh qh{w vhfwlrq1

Rxu vhfrqg vdpsolqj vfkhph wdnhv phdqv ryhu krxvhkrogv zlwk qr fklo0
guhq fxuuhqwo| suhvhqw1 Wklv lv pdgh xs ri wkrvh zkr qhyhu kdyh fkloguhq
zlwk sursruwlrq E�� Z�*E�� R|� dqg cfkloguhq* krxvhkrogv zkr gr qrw kdyh
fkloguhq suhvhqw zkr duh lq wkh sursruwlrq EZ�R|�*E��R|�1 Wkxv wkh shulrg
| frqglwlrqdo phdq orj frqvxpswlrq lv=

.|E*? S�| m 5�| ' f� '
E�� Z� *? Sf n EZ � R|� *? S

�

E�� R|�

' *? Sf n6|E*? S
� � *? Sf� +;,

zkhuh 6| ' EZ� R|�*E��R|�1 Lq wkh hfrqrphwulf vhfwlrq ehorz zh vkrz krz
wr hvwlpdwh wkh sursruwlrq6| iurp dydlodeoh gdwd dqg krz wr xvh wklv wr hvwl0
pdwh wkh wlph lqyduldqw txdqwlw| E*? S�� *? Sf�1 Jlyhq vxfk hvwlpdwhv zh fdq
frqvwuxfw wkh wlph lqyduldqw cdgmxvwhg frqglwlrqdo phdq ri orj frqvxpswlrq*
dv=

*? �S| ' .|E*? S�| m 5�| ' f��6|E*? S
� � *? Sf� ' *? Sf +<,

Lq wklv fdvh wkh frxqwhu0idfwxdo ohyho ri frqvxpswlrq lv wkh +phdq orj, frq0
vxpswlrq ri krxvhkrogv wkdw qhyhu kdyh fkloguhq1 Qrwh wkdw wr pdnh wklv
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dgmxvwphqw zh gr qrw qhhg wkh dh vfdoh +dv lq htxdwlrq +:,, exw zh gr qhhg
lqirupdwlrq rq frpsohwhg ihuwlolw| dqg wkh gl�huhqfhv lq frqvxpswlrq ohyhov1

Wklv h{huflvh vkrzv wkdw/ dw wkh frkruw ohyho/ wkhuh duh wzr zd|v ri gh0
ulylqj d frxqwhu0idfwxdo frqvxpswlrq wkdw vkrxog eh frqvwdqw lq d olih0f|foh
prgho1 Li zh xvh d vdpsoh ri doo krxvhkrogv zh qhhg wr nqrz wkh dh vfdoh
dqg wkh sursruwlrqv ri krxvhkrogv zkr fxuuhqwo| kdyh fkloguhq1 Li/ lqvwhdg/
zh frqvlghu d vdpsoh ri wkrvh zlwkrxw fkloguhq fxuuhqwo| suhvhqw wkhq zh
qhhg wr nqrz E*? S� � *? Sf� dqg wkh frpsohwh ihuwlolw| ri krxvhkrogv zklfk
dw suhvhqw pd| qrw kdyh doo wkhlu fkloguhq suhvhqw1 Wkhvh fruuhfwlrqv fdqqrw
eh shuiruphg rq wkh krxvhkrog ohyho xqohvv zh kdyh lqirupdwlrq rq fxuuhqw
krxvhkrog ihuwlolw|/ frpsohwhg ihuwlolw|/ zkhq fkloguhq ohdyh krph/ krz fklo0
guhq lpsdfw rq olihwlph lqfrph dqg dq dh vfdoh iru hdfk krxvhkrog1 E| wdnlqj
+frkruw, phdqv/ pdq| ri wkhvh idfwruv ehfrph wlph lqyduldqw ydoxhv wkdw duh
vxevxphg lqwr wkh ghvluhg frxqwhu0idfwxdo1 Wkxv wkh lqirupdwlrqdo uhtxluh0
phqwv dw wkh frkruw ohyho duh pxfk ohvv ghpdqglqj wkdq dw wkh lqglylgxdo
krxvhkrog ohyho1

6 Hfrqrphwulf lvvxhv

614 Hvwlpdwlqj dh vfdohv1

Wklv vxe0vhfwlrq glvfxvvhv krz wr hvwlpdwh wkh dh vfdoh iurp revhuyhg uh0
shdwhg furvv0vhfwlrq gdwd rq frqvxpswlrq1 Zh ehjlq e| vkrzlqj wkdw wkh dh
vfdoh fdqqrw eh hvwlpdwhg rq wkh edvlv ri lqglylgxdo furvv0vhfwlrq revhuyd0
wlrqv1 Frqwlqxlqj zlwk rxu rqh0fklog prgho/ frqvlghu d vdpsoh ri krxvhkrogv/
doo revhuyhg dw wkh vdph djh |1 Wkh gl�huhqfh lq orj frqvxpswlrq ehwzhhq
krxvhkrogv zlwk d fklog dqg wkrvh +fxuuhqwo|, zlwkrxw d fklog lv +xvlqj htxd0
wlrq +;,=

.|ES�|m5�| ' ���.|ES�|m5�| ' f�

'
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Wklv h{suhvvlrq vkrzv fohduo| wkdw wkh furvv0vhfwlrq hvwlpdwh ri wkh dh vfdoh
+wkh gl�huhqfh lq wkh frqglwlrqdo phdqv, lv grzqzdugv eldvhg xqohvv 6| ' �
ru *? S� ' *? Sf1 Qhlwkhu uhvwulfwlrq lv sodxvleoh= wkh �uvw lpsolhv wkdw hyhu|rqh
kdv d fklog dw vrph wlph +Z ' �/ vhh wkh gh�qlwlrq ri 6| diwhu htxdwlrq +;,,1
Wkh vhfrqg uhvwulfwlrq lpsolhv wkdw fklogohvv krxvhkrogv kdyh orzhu olihwlph
lqfrph wkdq fklog krxvhkrogv +{ 	 �/ vhh htxdwlrq +7,,1 Pruhryhu/ wkh eldv
ydulhv zlwk djh/ ehlqj odujhvw zkhq wkh sursruwlrq ri krxvhkrogv zkr qhyhu
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zloo kdyh fkloguhq lv odujh1 Vlqfh wkh eldv fkdqjhv zlwk djh lq d qrqolqhdu zd|/
xvlqj �uvw gl�huhqfhv zloo qrw holplqdwh wkh eldv1 Zh vkdoo qrz vkrz krz zh
fdq rewdlq frqvlvwhqw hvwlpdwhv ri wkh dh vfdoh xvlqj txdvl0sdqho gdwd1

Frqvlvwhqw hvwlpdwlrq ri wkh dh vfdoh lv edvhg rq htxdwlrq +9,1 Wklv
lqglfdwhv wkdw d vlpsoh uhjuhvvlrq ri phdq orj frqvxpswlrq rq wkh sursruwlrq
ri krxvhkrogv zlwk fkloguhq zloo lghqwli| wkh dh vfdoh dv wkh frh!flhqw rq
wkh odwwhu1 Lq sudfwlfh/ zh uhjuhvv �uvw gl�huhqfhv ri phdq orj frqvxpswlrq
rq �uvw gl�huhqfhv lq fkdqjhv lq ghprjudsklfv wr uhpryh dq| furvv0vhfwlrq
fruuhodwlrq ehwzhhq wkh qxpehuv ri fkloguhq dqg wkh ohyho ri olihwlph lqfrph1
Wkdw lv/ zh doorz wkdw wkh vhohfwlrq lqwr wkh cfklog* ru cqr fklog* jurxs lv
fruuhodwhg zlwk wdvwhv ryhu wkh gl�huhqfh E*? S�� *? Sf�1 Zh dovr kdyh wr wdnh
dffrxqw ri wkh idfw zh kdyh d wlph vhulhv ri vdpsoh phdqv vr wkdw zh kdyh d
vsxulrxv fruuhodwlrq ehwzhhq frqvxpswlrq dqg fkloguhq gxh wr wkh vdpsolqj>
dv glvfxvvhg lq wkh odvw vhfwlrq d kljkhu sursruwlrq ri fkloguhq krxvhkrogv zloo
ohdg wr d kljkhu ohyho ri revhuyhg phdq frqvxpswlrq1 Wzr vroxwlrqv vxjjhvw
wkhpvhoyhv1 Iluvw zh frxog xvh rxwvlgh lqirupdwlrq +iru h{dpsoh/ iurp wkh
fhqvxv, rq wkh sursruwlrq ri krxvhkrogv lq wkh frkruw wkdw kdyh fkloguhq lq
dq| shulrg dv dq lqvwuxphqw iru wkh sursruwlrq zlwk fkloguhq lq rxu gdwd1
Dq dowhuqdwlyh/ zklfk zh dgrsw/ xvhv rqo| wkh gdwd wr kdqg1 Wklv xvhv wkh
ohyhov ri wkh sursruwlrqv ri fkloguhq lq wkh uhohydqw frkruw lq shulrgv rxwvlgh
wkh fxuuhqw rqh dv lqvwuxphqwv iru wkh fxuuhqw frkruw sursruwlrq1 Wkhvh
vkrxog eh jrrg lqvwuxphqwv lq wkh vhqvh wkdw wkh vdpsoh phdqv suhglfwhg
iurp shulrgv durxqg wkh fxuuhqw rqh duh olnho| wr eh txlwh dffxudwh exw wkhlu
phdvxuhphqw huuru +lqgxfhg e| wkh vdpsolqj surfhgxuh, zloo eh xqfruuhodwhg
zlwk wkh phdvxuhphqw huuru rq wkh fxuuhqw sursruwlrq1

615 Hvwlpdwlqj frpsohwhg ihuwlolw|

Wxuqlqj wr rxu vhfrqg vdpsolqj vfkhph/ zh vhh iurp htxdwlrq +<, wkdw zh
qhhg hvwlpdwhv ri wkh sursruwlrq ri fxuuhqwo| fklogohvv krxvhkrogv wkdw qhyhu
kdyh fkloguhq/ 6|1 Vlqfh R| fdq eh revhuyhg/ wklv uhtxluhv dq hvwlpdwh ri
Z/ wkh sursruwlrq ri krxvhkrogv wkdw kdyh fkloguhq dw vrph srlqw1 Djdlq
zh kdyh wzr fkrlfhv/ qdpho| xvlqj rxwvlgh +fhqvxv, lqirupdwlrq ru xvlqj wkh
gdwd wr kdqg dqg rqfh djdlq zh fkrrvh wkh odwwhu rswlrq1 Zkhq xvlqj wkh
uhshdwhg furvv0vhfwlrq gdwd/ zh kdyh wr lpsrvh vrph dvvxpswlrqv wr eh deoh
wr lghqwli| Z1 Wkh ghwdlov ri wkh hvwlpdwlrq surfhgxuh zloo eh glvfxvvhg ixu0
wkhu lq wkh hpslulfdo vhfwlrq +zkhuh zh doorz iru gl�huhqw sdulwlhv, exw khuh
zh vlpso| qrwh wkdw wkh edvlf lghqwl�fdwlrq dvvxpswlrq lv wkdw dw vrph djh
zh revhuyh wkh frpsohwhg ihuwlolw| lq wkh krxvhkrog1 Vxssrvh zh kdyh d frq0
vlvwhqw hvwlpdwh ri Z dqg khqfh ri 6|1 Uhihuulqj wr htxdwlrq +;, zh vhh wkdw
d uhjuhvvlrq xvlqj fxuuhqwo| fklogohvv krxvhkrogv ri +wkh �uvw gl�huhqfh, ri
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phdq orj frqvxpswlrq rq wkh +�uvw gl�huhqfh ri, 6| kdv d frh!flhqw zklfk
fdq eh lqwhusuhwhg dv wkh phdq +ryhu wkh srsxodwlrq, ri E*? S� � *? Sf�1 Wkxv
d e|0surgxfw ri rxu hvwlpdwlrq surfhgxuh lv dq hvwlpdwh ri wkh uhodwlyh h{0
shqglwxuhv ri cfklogohvv* dqg cfklog* krxvhkrogv zkhq qr fkloguhq duh suhvhqw1
Dv phqwlrqhg deryh/ lq rxu hpslulfdo zrun zh doorz iru gl�huhqw ohyhov ri
frpsohwhg ihuwlolw| vr wklv doorzv xv wr jhqhudwh hvwlpdwhv ri wkhvh udwlrv iru
gl�huhqw sdulwlhv1

7 Wkh gdwd1

714 Vdpsoh vhohfwlrq1

Wkh gdwd xvhg lq wklv vwxg| frph iurp wkh X1N1 Idplo| H{shqglwxuh Vxuyh|
+IHV,1 Wkh IHV frqwdlqv lqirupdwlrq rq h{shqglwxuhv rq gl�huhqw frqvxps0
wlrq lwhpv/ lqfrph dqg krxvhkrog fkdudfwhulvwlfv1 Lq sduwlfxodu/ wkh ghwdlohg
lqirupdwlrq derxw wkh krxvhkrog frpsrvlwlrq vxfk dv wkh qxpehu dqg wkh
djh ri wkh fkloguhq pdnh wkhvh gdwd dwwudfwlyh iurp rxu srlqw ri ylhz> wkh
X1V1 FH[ grhv qrw jlyh ghwdlov rq fkloguhq*v* djh dqg wklv/ dv zh vkdoo vkrz/
ohdgv wr vhulrxv sureohpv iru wkh dqdo|vlv1 Lq dgglwlrq/ wkh IHV kdv ehhq
frqgxfwhg vlqfh 4<9;/ doorzlqj xv wr iroorz vrph eluwk frkruwv iru pruh wkdq
58 |hduv1 Wkh vdpsoh xvhg lq wklv sdshu fryhuv wkh shulrg 4<9; wr 4<<81 Dv
xvxdo lq vwxglhv ri krxvhkrog frqvxpswlrq zh olplw rxuvhoyhv wr krxvhkrogv
frqvlvwlqj ri pduulhg frxsohv1 Wkh srwhqwldo eldv lqwurgxfhg e| wkh vhohfwlrq
pd| eh txlwh lpsruwdqw lq wkh fxuuhqw frqwh{w1 Li wkh phpehuv ri kljk lq0
frph krxvhkrogv pduu| odwhu wkhq zh zrxog vhh dq lqfuhdvlqj sdwk lq phdq
frqvxpswlrq dqg phdq lqfrph dw hduo| djhv/ hyhq li hyhu| krxvhkrog khog
frqvxpswlrq frqvwdqw ryhu wlph1 Wkh vljq ri wkh fruuhodwlrq ehwzhhq ehlqj
pduulhg dqg olih wlph lqfrph lv dpeljxrxv1 Lq vwxglhv ri zdjhv/ d srvlwlyh
pduuldjh suhplxp lv riwhq irxqg/ zklfk vxjjhvwv d srvlwlyh fruuhodwlrq1 Lq
Ydq Ghu Noddxz +4<<9,/ lw lv vkrzq wkdw wkh pdulwdo vwdwxv ri zrphq vwurqjo|
ghshqgv rq wkh khu rzq dqg +srwhqwldo, kxvedqg*v hduqlqjv1 Krzhyhu/ wkh
h�hfw lv dpeljxrxv> dq lqfuhphqw lq zrpdq*v hduqlqjv zloo lqfuhdvh wkh djh ri
pduuldjh dqg lqfuhdvh wkh ulvn ri glyrufh zkloh dq lqfuhphqw lq wkh kxvedqg
hduqlqjv lqfuhdvh wkh suhglfwhg qxpehu ri |hduv ri pduuldjh1 Jhqhudoo|/ wkhuh
lv d glvwlqfw odfn ri wkhruhwlfdo dqg hpslulfdo uhvhdufk rq frqvxpswlrq ehiruh/
gxulqj dqg diwhu pduuldjh dqg zh vkdoo qrw kdyh dq|wklqj wr dgg khuh1 Zh
gr qrwh/ krzhyhu/ wkdw wkh vdpsoh vhohfwlrq khuh zrunv cdjdlqvw xv* lq wkh
vhqvh wkdw zh duh wu|lqj wr �qg fruuhfwlrqv iru frqvxpswlrq wkdw gr qrw wdnh
dffrxqw ri wkh pduuldjh vhohfwlrq wkdw qhyhuwkhohvv jlyh d  dw sdwk1 Zh dovr
uhvwulfw dwwhqwlrq wr krxvhkrogv lq zklfk wkh zlih lv djhg 53 ru pruh dqg
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vwudwli| rq hgxfdwlrq jurxsv wr plwljdwh wkh vhohfwlrq h�hfwv1 Krzhyhu/ zh
dfnqrzohgjh wkdw frqglwlrqlqj rq hgxfdwlrqdo dwwdlqphqw pljkw qrw wrwdoo|
holplqdwh wkh sureohp ri vdpsoh vhohfwlrq/ hvshfldoo| iru wkh pruh hgxfdwhg
jurxs/ ehfdxvh wkh hgxfdwlrqdo dwwdlqphqw ydulhv d orw zlwklq wklv jurxs1 Wr
surshuo| ghdo zlwk wkh vhohfwlrq eldv zh qhhg d prgho ri wkh uhodwlrqvkls
ehwzhhq ehlqj pduulhg dqg olihwlph lqfrph exw zh ohdyh wklv wr ixwxuh zrun1

Wkh phdvxuh ri frqvxpswlrq xvhg lq wklv sdshu lv wrwdo frqvxpswlrq/
zklfk lv gh�qhg dv qrplqdo h{shqglwxuh rq doo jrrgv sxufkdvhg gxulqj d
wzr0zhhn shulrg1 Lq wkh iroorzlqj wkh qrplqdo h{shqglwxuh lv gh dwhg e|
wkh frqvxphu sulfh lqgh{ iru wrwdo h{shqglwxuh1 Ixuwkhupruh/ wr uhpryh |hdu
h�hfwv wkh frqvxpswlrq lv dgmxvwhg e| xvlqj wkh uhvlgxdov iurp d uhjuhvvlrq
ri krxvhkrog frqvxpswlrq rq |hdu gxpplhv1

715 Frqvwuxfwlqj frkruwv

Lq wkh suhylrxv vhfwlrq/ zh vkrzhg wkdw frqvwuxfwlqj frxqwhu idfwxdo frq0
vxpswlrq lv uhdoo| rqo| ihdvleoh xvlqj frkruw phdq gdwd1 Wkh frkruwv duh
edvhg rq |hdu ri eluwk dqg hgxfdwlrq exw frqwudu| wr prvw rwkhu vwxglhv wkh
frkruwv duh gh�qhg rq wkh edvlv ri wkh zlih*v eluwk |hdu dqg wkh kxvedqg*v
hgxfdwlrq91 Wkh pdlq uhdvrq iru xvlqj wkh eluwk |hdu ri wkh zlih lqvwhdg
ri wkh kxvedqg lv wkdw zh zdqw krprjhqrxv jurxsv lq whupv ri frqvxps0
wlrq dqg krxvhkrog frpsrvlwlrq/ dqg wkh qxpehu dqg wkh djh ri wkh fkloguhq
duh pruh fruuhodwhg zlwk wkh djh ri wkh zlih wkdq zlwk wkh djh ri wkh kxv0
edqg1 Dv zh dujxhg lq wkh wkhruhwlfdo vhfwlrq/ wkh qxpehu ri fkloguhq lv dq
lpsruwdqw ghwhuplqdqw lq frqvxpswlrq dqg wkhuhiruh pdnlqj krprjhqrxv
frkruwv lq whupv ri krxvhkrog frpsrvlwlrq pljkw dovr frqwulexwh wr krprjh0
qrxv frkruwv lq whupv ri frqvxpswlrq:1 Iru frqvwuxfwlqj eluwk frkruwv zh xvh
�yh0|hdu edqgv zkhuh wkh zlih lq wkh hoghvw frkruw lv eruq ehwzhhq 4<4304<47
dqg wkh |rxqjhvw frkruw lv eruq lq 4<9804<9<1

Dqrwkhu lpsruwdqw dvshfw lq frqvwuxfwlqj krprjhqrxv jurxsv lv hgxfd0
wlrqdo dwwdlqphqw1 Dv lv zhoo nqrzq +vhh/ iru h{dpsoh/ Dwwdqdvlr hw do1 4<<<
iru wkh X1V1, wkhuh duh vwurqj gl�huhqfhv lq wkh qxpehu dqg wlplqj ri fkloguhq
dfurvv hgxfdwlrq jurxsv1 Hgxfdwlrqdo dwwdlqphqw dovr vhhpv wr eh lpsruwdqw

9D pruh vdwlvidfwru| vroxwlrq zrxog eh wr frqglwlrq rq wkh eluwk gdwhv dqg hgxfdwlrq

ri erwk kxvedqg dqg zlih1 Iru h{dpsoh/ rqh frkruw zrxog eh �wkh zlih zdv eruq lq

4<79 dqg kdg wzhoyh |hduv ri hgxfdwlrq dqg wkh kxvedqg zdv eruq lq 4<7; dqg kdg whq

|hduv ri hgxfdwlrq�1 Vlqfh wklv zloo uhvxow lq udwkhu vpdoo fhoo vl}hv zh frxog xvh vrph

qrq0sdudphwulf vprrwkhu dfurvv fhoov1 D yhuvlrq ri wklv lv lpsohphqwhg lq d frpsdqdqlrq

sdshu/ Eurzqlqj dqg Hmuqév +4<<<,1
:D yduldqfh dqdo|vlv frq�upv wkdw eluwk frkruwv edvhg rq wkh zlih furvvhg zlwk |hdu

gxpplhv fdswxuh pruh ri wkh yduldwlrq lq krxvhkrog frqvxpswlrq wkdq eluwk frkruwv/

edvhg rq wkh kxvedqg*v eluwk |hdu/ furvvhg zlwk |hdu gxpplhv1
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iru wkh vhohfwlrq lqwr pduuldjh1 Zh frqwuro iru hgxfdwlrqdo gl�huhqfhv e|
glylglqj wkh krxvhkrogv dffruglqj wr wkh hgxfdwlrqdo dwwdlqphqw ri wkh kxv0
edqg vlqfh rqo| wkh djh dw zklfk wkh kxvedqg vwrsshg hgxfdwlrq lv uhsruwhg
lq wkh gdwd1 Lq rughu wr nhhs d vx!flhqwo| odujh qxpehu ri krxvhkrogv lq
hdfk frkruw wkh vdpsoh lv vsolw lqwr wzr hgxfdwlrq jurxsv= wkrvh zkr kdyh
wkh r!fldo plqlpxp ohyho ri hgxfdwlrq dqg wkrvh zlwk pruh wkdq wkh r!fldo
plqlpxp ohyho ri hgxfdwlrq1 Xqiruwxqdwho|/ lqirupdwlrq rq hgxfdwlrqdo dw0
wdlqphqw lv rqo| dydlodeoh diwhu 4<:: zklfk olplwv wkh qxpehu ri revhuydwlrqv
lq wkh v|qwkhwlf sdqho ri frkruw phdqv1 Lq rughu wr eh deoh wr xvh wkh gdwd
iurp wkh shulrg 4<9;04<:: zh lqwurgxfh lpsxwhg hgxfdwlrq1

716 Lpsxwhg hgxfdwlrq

Wkh xqghuo|lqj lghd lq ghdolqj zlwk wkh qrq0revhuydwlrq ri hgxfdwlrq lq wkh
|hduv 4<9; wr 4<:: lv wr xvh krxvhkrog fkdudfwhulvwlfv zklfk duh dydlodeoh lq
wkh hqwluh vdpsoh shulrg wr suhglfw wkh suredelolw| wkdw wkh kxvedqg ehorqjv
wr wkh pruh hgxfdwhg jurxs1 Edvhg rq wkh shulrg 4<:;04<<8 zh hvwlpdwh
d orjlw prgho iru wkh kxvedqg*v hgxfdwlrq/ zkhuh wkh h{sodqdwru| yduldeohv
frqwdlq lqirupdwlrq rq rffxsdwlrq/ krxvhkrog whqxuh/ uhjlrq ri uhvlghqfh
dqg hpsor|phqw vwdwxv ri kxvedqg dqg zlih dqg wkh djh gl�huhqfh ehwzhhq
kxvedqg dqg zlih1 Wkh orjlw prgho lv hvwlpdwhg rq d vdpsoh ri krxvhkrogv
zkhuh wkh kxvedqg lv djhg ehwzhhq 53 dqg 971 Wkh orjlw hvwlpdwlrq zloo qrw
eh glvfxvvhg lq ghwdlo exw wkh vljq dqg wkh vljql�fdqfh ri wkh hvwlpdwhv vhhp
uhdvrqdeoh1 D ghwdlohg ghvfulswlrq ri wkh orjlw hvwlpdwlrq lv surylghg lq wkh
dsshqgl{1 Edvhg rq wkh orjlw hvwlpdwlrq lw lv srvvleoh wr rewdlq wkh suhglfwhg
suredelolwlhv ri ehorqjlqj wr rqh ri wkh wzr hgxfdwlrq jurxsv1

Zh wulhg wzr dowhuqdwlyh zd|v ri frqvwuxfwlqj frkruwv xvlqj wkh lpsxwhg
lqirupdwlrq rq hgxfdwlrq 1 Lq wkh �uvw dssurdfk zh frqvwuxfw d elqdu| ydul0
deoh rq wkh edvlv ri wkh suhglfwhg suredelolw| dqg xvh wklv qhz lpsxwhg
hgxfdwlrq wr vsolw wkh vdpsoh1 Wkh qhz lpsxwhg hgxfdwlrq iru krxvhkrog �/
e�c lv gh�qhg lq wkh iroorzlqj zd|1 Ohw 	R� eh wkh hvwlpdwhg suredelolw| iru
krxvhkrog � ehorqj wr wkh pruh hgxfdwhg jurxs1 Wkh elqdu| yduldeoh e� lv
gh�qhg vxfk wkdw

e� '

�
f li 	R� 	 gS

� li 	R� : gS

zkhuh gS lv d frqvwdqw ghshqglqj rq wkh eluwk frkruw iru krxvhkrog �1 Zh
fkrrvh gS vr wkdw iru hdfk frkruw/ wkh phdq ri wkh lpsxwhg yduldeoh htxdov
wkh phdq ri wkh ruljlqdo hgxfdwlrq yduldeoh1 Li zh ghqrwh wkh vdpsoh ri wkh
frkruw lq shulrg | e| �| wkhq wkh frkruw phdqv iru wkh wzr hgxfdwlrq jurxsv
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fdq eh frqvwuxfwhg lq wkh iroorzlqj zd|=
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zkhuh wkh vxshuvfulswv ghqrwh wkh hgxfdwlrq jurxs1 Wkh dowhuqdwlyh zd| ri
frqvwuxfwlqj frkruw phdqv lv vlpso| e| uhsodflqj wkh lpsxwhg hgxfdwlrq/
e�c lq +44, zlwk wkh hvwlpdwhg suredelolw|/ 	R�� Wkh frkruw phdq lv wkhq dq
zhljkwhg dyhudjh/ zkhuh wkh zhljkwv uh hfw wkh olnholkrrg wkdw wkh krxvhkrog
ehorqjv wr d fhuwdlq hgxfdwlrq jurxs1

Ehiruh frqvwuxfwlqj wkh lpsxwhg frkruw vdpsoh phdqv/ zh qhhg wr ydo0
lgdwh wkh sursrvhg phwkrg1 Iluvw ri doo/ lw lv lpsruwdqw wr kdyh d jrrg
suhglfwlrq ri wkh hgxfdwlrq ohyho1 D jrrgqhvv ri �w whvw +vkrzq lq wkh ds0
shqgl{, frq�upv d yhu| kljk ghjuhh ri fruuhvsrqghqfh ehwzhhq wkh lpsxwhg
dqg dfwxdo hgxfdwlrq ohyho dqg d irupdo whvw iru qr ghshqghqf| lv khdylo| uh0
mhfwhg1 E| frqvwuxfwlrq wkh dfwxdo dqg lpsxwhg hgxfdwlrq duh htxdo iru hdfk
frkruw/ exw wkhuh pljkw eh vrph ghyldwlrqv ryhu wkh |hduv ru djhv1 Krzhyhu/
zh gr qrw �qg dq| v|vwhpdwlfdo ghyldwlrqv ryhu wkh |hdu ru djh ri wkh zlih1
Lq �jxuh e/ wkh frqvxpswlrq sur�ohv duh frqvwuxfwhg rq wkh edvlv ri dfwxdo
hgxfdwlrq/ lpsxwhg hgxfdwlrq dqg hvwlpdwhg suredelolwlhv ri hgxfdwlrq1 Wr
dyrlg d wrr phvv| slfwxuh zh kdyh rqo| vkrzq wkh frqvxpswlrq sur�ohv iru
d vlqjoh eluwk frkruw +eruq �bef0�bee,1 Wkh frqvxpswlrq sur�ohv duh vkrzq
dv d ixqfwlrq ri |hduv dqg ehiruh �b.H rqo| lpsxwhg frqvxpswlrq sdwkv duh
vkrzq1 D frpsdulvrq vkrzv wkdw erwk wkh frqvxpswlrq sdwkv edvhg rq
lpsxwhg dqg zhljkwhg hgxfdwlrq wudfn wkh frqvxpswlrq sdwk edvhg rq wkh
dfwxdo hgxfdwlrq txlwh forvho|1 Lq jhqhudo/ wkh gl�huhqfh ehwzhhq wkh wzr hg0
xfdwlrq jurxsv duh odujhu zkhq wkh lpsxwhg hgxfdwlrq lv xvhg lqvwhdg ri wkh
zhljkwlqj surfhgxuh1 Xvlqj lpsxwhg hgxfdwlrq ryhusuhglfwv wkh gl�huhqfh
ehwzhhq wkh hgxfdwlrq jurxsv zkloh xvlqj wkh zhljkwlqj surfhgxuh xqghu0
suhglfwv1 Rq wkh edvlv ri wklv slfwxuh dqg vlplodu slfwxuhv iru wkh uhpdlqlqj
eluwk frkruwv/ zh frqfoxgh wkdw wkh wzr dowhuqdwlyh zd|v ri lpsxwlqj frkruw
vdpsoh phdqv zrun htxdoo| zhoo lq wklv frqwh{w1 Iru frqyhqlhqfh/ zh kdyh
fkrvhq wr frqvwuxfw wkh frkruw vdpsoh phdqv rq wkh edvlv ri wkh lpsxwhg
hgxfdwlrq1 Wkh lpsxwhg hgxfdwlrq lv xvhg lq wkh hqwluh vdpsoh wr dyrlg dq|
v|vwhpdwlf gl�huhqfhv ehiruh dqg diwhu 4<::1
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717 Frqvxpswlrq sur�ohv

Wkh frkruw vdpsoh phdqv duh frqvwuxfwhg e| dyhudjlqj ryhu doo krxvhkrogv
ehorqjlqj wr wkh vdph eluwk frkruw dqg hgxfdwlrq jurxs revhuyhg lq d jlyhq
|hdu1 Rq wkh edvlv ri lpsxwhg hgxfdwlrq zh gh�qh rxu �qdo vdpsoh1 Zh
duh xvlqj 46 eluwk frkruwv furvvhg e| wzr hgxfdwlrq jurxsv1 Wkh v|qwkhwlf
sdqho frqwdlqv 76; frkruw0|hdu revhuydwlrqv1 Zh kdyh ixuwkhu olplwhg wkh
vdpsoh lq wzr zd|v1 Iluvw/ wkh dyhudjh djh ri wkh zlih lq hdfk fhoo +frkruw0
|hdu frpelqdwlrq, vkrxog eh deryh 53 dqg ehorz 931 Vhfrqgo| wkh plqlpxp
qxpehu ri krxvhkrog lq hdfk fhoo vkrxog eh deryh :81 Wkh dyhudjh fhoo vl}h
lv 5641 Wkh �qdo vdpsoh frqvlvwv ri 434/6;8 krxvhkrogv ri zkrp 96( ehorqj
wr *wkh plqlpxp hgxfdwlrq jurxs*1

Wkh frkruw vdpsoh phdqv duh sorwwhg djdlqvw wkh dyhudjh djh ri wkh zlih
lq �jxuh D1 Wkh frqvxpswlrq ri wkh pruh hgxfdwhg jurxs lv kljkhu wkdq
wkh jurxs zlwk plqlpxp hgxfdwlrq1 Ixuwkhupruh/ wkh judsk vkrzv wkdw wkh
frqvxpswlrq sur�oh ri wkh hgxfdwhg jurxs lv lqfuhdvlqj idvwhu lq wkh hduo|
|hduv dqg lv shdnlqj odwhu1 Wkh pruh hgxfdwhg jurxs uhdfkhv lw pd{lpxp
frqvxpswlrq dw derxw wkh djh ri 83 zkloh wkh ohvv hgxfdwhg jurxs shdnv
dw wkh djh ri 781 Lq wkh iroorzlqj zh h{dplqh li wkhvh gl�huhqfhv fdq eh
h{sodlqhg e| gl�huhqfhv lq krxvhkrog frpsrvlwlrqv1

Lq �jxuh S/ zh kdyh suhvhqw wkh frqvxpswlrq sur�ohv iru krxvhkrogv zkhuh
wkhuh duh qr fkloguhq +ru rwkhu dgxowv, fxuuhqwo| olylqj lq wkh krxvhkrog1
Vlqfh zh duh rqo| dyhudjlqj ryhu krxvhkrogv zlwk qr fkloguhq/ wkh fhoo vl}h
lv pxfk orzhu dqg wkh slfwxuh ehfrphv pruh qrlv|1 Wklv lv sduwlfxoduo| wuxh
iru wkh djh0jurxs 63 wr 78 zkhuh rqo| d vpdoo iudfwlrq ri wkh krxvhkrogv
uhpdlqv fklogohvv1 Dv vkrzq lq vhfwlrq 5/ wkh frqvxpswlrq sur�oh ri krxvh0
krogv zklfk dw wkh suhvhqw duh fklogohvv vkrxog uh hfw wkh vhohfwlrq surfhvv1
Lq wkh hduolhu djh wkh *qr fkloguhq jurxs* frqwdlqv krxvhkrogv zkr duh jrlqj
wr kdyh fkloguhq odwhu dqg iru wkh roghu jurxs vrph ri wkh krxvhkrogv pljkw
kdyh kdg fkloguhq zkr kdyh douhdg| ohiw krph1 Iru *wkh plqlpxp hgxfdwlrq
jurxs* wkh frqvxpswlrq sur�oh lv vwloo kxps0vkdshg dowkrxjk wkh slfwxuh lv
qrw wkdw fohdu1 D forvhu orrn dw wkh judsk uhyhdov wkdw wkh frqvxpswlrq iru
*qr fkloguhq* shdnv durxqg wkh djh ri 73/ zklfk lv �yh |hduv hduolhu wkdq wkh
vlplodu judsk iru *doo krxvhkrogv*1 Wkh shdn durxqg 73 fruuhvsrqgv wr wkh
idfw wkdw dw wkdw djh wkh *qr fkloguhq jurxs* lv prvw olnho| wr rqo| frqvlvw
ri krxvhkrogv zkr duh qhyhu jrlqj wr fkloguhq1 Zkhq h{dplqlqj wkh *deryh
plqlpxp hgxfdwlrq jurxs* wkh judsk lv yhu| qrlv| gxh wr wkh yhu| orz qxp0
ehu ri krxvhkrogv lq hdfk fhoo1 Iurp wkh slfwxuh lw lv yhu| gl!fxow wr vhh d
kxps0vkdshg frqvxpswlrq sur�oh/ krzhyhu d whvw iru qr djh h�hfwv +�wwlqj
d sro|qrpldo lq djh dqg whvwlqj iru wkh djh frh!flhqwv, lv khdylo| uhmhfwhg1
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8 Prgholqj wkh ghprjudsklf h�hfwv

814 Hvwlpdwlqj dgxow htxlydohqw vfdohv

Lq wklv vhfwlrq zh hvwlpdwh wkh h�hfwv ri wkh ghprjudsklfv1 Wklv vxevhfwlrq
frqfhuqv hvwlpdwlqj wkh dh vfdoh/ iroorzlqj wkh vwudwhj| rxwolqhg lq wkh hfrqr0
phwulf vhfwlrq1 Frpsduhg wr wkh vlpsoh rqh0fklog prgho zh kdyh h{whqghg
wkh prgho e| doorzlqj wkdw wkh dh vfdoh ghshqgv rq wkh djh ri wkh fklog dqg
iru hfrqrplhv ri vfdoh1 Lq wkh vhfrqg vxe0vhfwlrq zh hvwlpdwh wkh frpsohwhg
ihuwlolw| iurp wkh fxuuhqwo| revhuyhg ihuwlolw|1 Edvhg rq wkh hvwlpdwhv ri wkh
frpsohwhg ihuwlolw| zh ghulyh dq h{suhvvlrq ri wkh wrwdo frvw ri fkloguhq1

Zkloh wkh Qdwlrqdo uhvhdufk frxqflo +4<<8, vwuhvv wkh lpsruwdqfh ri wdnlqj
dffrxqw ri wkh hfrqrplhv ri vfdoh/ olwwoh dwwhqwlrq kdv ehhq sdlg wr wkh uhodwlrq
ehwzhhq wkh dh vfdoh dqg wkh djh ri wkh fklog1 Lq wklv vwxg|/ zh ghdo zlwk
wkhvh lvvxhv e| doorzlqj wkdw wkh h{wud h{shqglwxuhv rq fkloguhq ghshqg rq
wkh qxpehu dqg djh ri wkh fkloguhq lq d  h{leoh irup1 Iluvw/ zh dvvxph
wkdw frqvxpswlrq ghshqgv rq wkh djh ri wkh fkloguhq lq d frqwlqxrxv zd|/
zklfk khuh lv dssur{lpdwhg e| d wklug rughu sro|qrpldo1 Krzhyhu/ wkh gdwd
gr qrw frqwdlq lqirupdwlrq rq wkh djh ri fkloguhq djhg pruh wkdq 4; dqg
wkhuhe| zh duh qrw deoh wr glvwlqjxlvk ehwzhhq fkloguhq djhg pruh wkdq 4;
dqg rwkhu dgxowv olylqj lq wkh krxvhkrogv1 Lq wklv vwxg| zh dvvxph wkdw wkh
frvw iru h{wud dgxowv +lqfoxglqj fkloguhq djhg pruh wkdq 4;, htxdov wkh frvw
ri dq 4; |hdu rog1 Rqh lpsruwdqw lvvxh wkdw zh fdqqrw ghdo zlwk khuh lv wkh
h�hfwv ri lqfuhdvlqj dxwrqrp| iru jurzq xs fkloguhq zkr duh vwloo olylqj lq
wkh sduhqwdo krph;1 Li vxfk fkloguhq kdyh wkhlu rzq lqfrphv dqg pdnh wkhlu
rzq frqvxpswlrq ghflvlrqv +vxemhfw wr wkh srrolqj ri vrph h{shqglwxuhv zlwk
wkhlu sduhqwv, wkhq wkh *xqlwdu|* olih0f|foh prgho zh kdyh xvhg dv wkh edvlv
iru rxu dqdo|vlv pd| qrw eh dssursuldwh1 Wkdw lv/ zh fdq qr orqjhu gh�qh d
krxvhkrog pdujlqdo xwlolw| ri prqh| zklfk lv khog frqvwdqw +lq h{shfwdwlrq,
iurp shulrg wr shulrg1 Wklv udlvhv wkh lpsruwdqw txhvwlrq ri krz zh prgho
wkh ghflvlrq pdnlqj surfhvv ri wkh lqglylgxdov lq wkh krxvhkrog1 Wkhuh lv yhu|
olwwoh lq wkh olwhudwxuh rq wklv wrslf= Eurzqlqj +4<<<, dqdo|vhv d wkhruhwlfdo
qrq0xqlwdu| prgho ri lqwhuwhpsrudo doorfdwlrq lq d wzr shuvrq krxvhkrog dqg
Vfkxow} +4<<<, glvfxvhv wkh lpsruwdqfh ri wklv lq wkh frqwh{w ri h{sodlqlqj
wkh vdylqj ehkdylrxu ri krxvhkrogv lq orz lqfrph frxqwulhv1 Wklv lv reylrxvo|
dq lpsruwdqw duhd iru ixwxuh uhvhdufk exw zh fdq gr olwwoh khuh eh|rqg qrwlqj
wkdw wkhvh h�hfwv pd| gl�hu ehwzhhq wkh hgxfdwlrq jurxsv dqg dfurvv frkruwv
dqg pd| eh uhvsrqvleoh iru vrph ri wkh gl�huhqfhv zh lghqwli| ehorz1

Ghqrwh wkh qxpehu ri dgxowv dqg fkloguhq olylqj lq krxvhkrog � lq shulrg

;Ru wkh lpsdfw ri roghu fkloguhq zkr duh qrw uhvlghqw lq wkh krxvhkrog e| wkh IHV

gh�qlwlrq exw vwloo uhfhlyh vrph *khos* +lq frqvxpswlrq whupv, iurp wkhlu sduhqwv1
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+45,

Wr hqvxuh wkdw dq 4; |hdu rog kdv wkh vdph h�hfw dv dq dgxow/ zh lpsrvh

k� ' �� kf � k� � k2

Vrph dxwkruv xvh uhvwulfwhg yhuvlrqv ri wklv irupxodwlrq1 Iru h{dpsoh/ Dw0
wdqdvlr hw do +4<<;, gr qrw doorz iru djh h�hfwv iru fkloguhq exw gr doorz wkdw
dgxowv dqg fkloguhq fdq kdyh gl�huhqw h�hfwv> wklv lv htxlydohqw wr dvvxplqj=

k� ' k2 ' k� ' f , ?�| ' ?@
�| n kf?

S
�| +46,

Wkh dxwkruv ri Qdwlrqdo Uhvhdufk Frxqflo +4<<8, pdnh wkh vdph vxjjhvwlrq
zlwk d ydoxh ri kf htxdo wr f�.1 Jrxulqfkdv dqg Sdunhu +4<<<, ixuwkhu uhvwulfw
krxvhkrog frpsrvlwlrq h�hfwv dqg xvh rqo| idplo| vl}h zklfk lv htxlydohqw
wr=

kf ' � dqg k� ' k2 ' k� ' f , ?�| ' ?@
�| n ?S

�| +47,

Lq rxu hpslulfdo zrun ehorz zh vkdoo whvw iru wkh ydolglw| ri wkhvh frqvwudlqwv1
Ghqrwlqj wkh frqvxpswlrq ri d krxvhkrog zlwk ? htxlydohqw dgxowv e|

SE?� zh vhw +vhh htxdwlrq +6,,=

SE?� ' e&E?�SE�� +48,

Wr doorz iru hfrqrplhv ri vfdoh h�hfwv zh xvh d Er{0Fr{ wudqvirupdwlrq ri
wkh qxpehu ri htxlydohqw dgxowv=

&�| ' &E?�|� '
E?�|�

4 � �

4
li 4 9' f

' *?E?�|� rwkhuzlvh +49,

Wkh ghjuhh ri hfrqrplhv ri vfdoh lv fdswxuhg e| wkh sdudphwhu 41 Li wkh
sdudphwhu 4 lv htxdo wr }hur wkhuh duh qr hfrqrplhv ri vfdoh +SE?� ' ?SE��,
zklfk vkrxog uhsuhvhqw d erxqg rq wkh dh vfdoh1 Ghvslwh wklv pdq| vwxglhv
lpsolflwo| xvh d ydoxh ri 4 ri xqlw| zklfk dfwxdoo| lpsolhv wkdw wkhuh duh
glvhfrqrplhv ri vfdoh1 Li 4 lv qhjdwlyh wkhq wkhuh duh hfrqrplhv ri vfdoh zlwk
wkh h{wuhph fdvh ehlqj dwwdlqhg dv 4 whqgv wr �4 zklfk uhsuhvhqwv wkh fdvh
wkdw c? fdq olyh dv fkhdso| dv rqh*1 Wkh dxwkruv ri wkh Qdwlrqdo Uhvhdufk
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Frxqflo +4<<8, sursrvdo vxjjhvw wdnlqj d ydoxh htxlydohqw wr dssur{lpdwho|
�f�S1 Jrxulqfkdv dqg Sdunhu +4<<<, xvh gxpplhv iru krxvhkrog vl}h zklfk
lv pruh jhqhudo wkdq rxu irupxodwlrq dqg doorzv iru dq| hfrqrplhv ri vfdoh1

Wkh hvwlpdwlrq ri wkh sdudphwhuv ri wkh frvw ri fkloguhq lv edvhg rq wkh
dqdo|vlv suhvhqwhg lq wkh hfrqrphwulfv vhfwlrq1 Wkdw lv/ zh uxq d uhjuhvvlrq
ri �uvw gl�huhqfhv lq frkruw phdq orj frqvxpswlrq rq �uvw gl�huhqfhv ri wkh
phdq vfdoh1 =

{.�|E*? S�|� ' Bf n B�{.�|E&�|� n 0�|� +4:,

zkhuh .�| ghqrwhv wkh frkruw phdq dqg { ghqrwhv wkh �uvw gl�huhqfh rshud0
wru1 Wklv lv d frqyhqwlrqdo Hxohu htxdwlrq irupxodwlrq exw vlqfh wkh sdudph0
whuv ri wkh dh vfdoh hqwhu lq d qrqolqhdu zd| zh kdyh wr shuirup wkh hvwlpdwlrq
lq wzr vwhsv1 Jlyhq wkh sdudphwhuv ri wkh dh vfdoh ixqfwlrq/ wkh dh vfdoh iru
hdfk krxvhkrog fdq eh fdofxodwhg dqg wkhq djjuhjdwhg lqwr frkruw vdpsoh
phdqv1 Rq wkh edvlv ri frkruw vdpsoh phdqv Bf dqg B� fdq eh hvwlpdwhg
dqg wkh frkruw uhvlgxdov fdq eh ghwhuplqhg1 Wkh sdudphwhuv ri wkh dh vfdoh
duh wkhq ghwhuplqhg vxfk wkdw wkh vxp ri vtxduh ri wkh frkruw uhvlgxdov lv
plqlpl}hg1 Ohw w ' iBfc B�c 4c kfck�c k2j dqg wkh fulwhulrq ixqfwlrq lv wkhq
jlyhq e|

gEw� '
[
�c|

E0�|�
2

Wkh fryduldqfh pdwul{ ri wkh sdudphwhuv lv hvwlpdwhg e|=

T Ew� ' E(�(�3�(�E00��(E(�(�3�

( '
Y0

Yw

Wr hvwlpdwh wkh sdudphwhuv zh julg vhdufk ryhu wkh 4 sdudphwhu/ hvwlpdwlqj
wkh uhpdlqlqj sdudphwhuv xvlqj frqyhqwlrqdo rswlplvdwlrq surfhgxuhv1 Zkhq
hvwlpdwlqj wkh sdudphwhuv ri wkh dh vfdoh zh kdyh olplwhg wkh vdpsoh ixuwkhu1
Iru wkh ohvv hgxfdwhg jurxs zh xvh d vdpsoh zkhuh wkh dyhudjh frkruw djh
ri wkh zlih lv ehwzhhq 53 dqg 881 Wkh uhdvrq iru qrw xvlqj wkh revhuydwlrqv
zkhuh wkh zlih lv djhg 88 wr 93 lv wkdw zh gr qrw zdqw wr frqvlghu uhwluhphqw1
Iru wkh pruh hgxfdwhg jurxs d vhulrxv sureohp lv wkh vhohfwlrq lq wr pduuldjh1
Iru wkdw uhdvrq zh kdyh fkrvhq wr rqo| orrn dw krxvhkrogv zkhuh wkh dyhudjh
frkruw djh ri wkh zlih lv deryh 581 Wkh julg vhdufk ri 4 zdv shuiruphg e|
ydu|lqj 4 iurp �2 wr � lq vwhsv ri f��1 Wkh plqlpxp lv rewdlqhg iru 4 htxdov
���S iru wkh ohvv hgxfdwhg jurxs dqg f�� iru wkh pruh hgxfdwhg jurxs1 Lq
wdeoh 4/ wkh hvwlpdwhv duh uhsruwhg1 Rq wkh edvlv ri wkh uhvxowv zh frqfoxgh
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Wdeoh 4= Hvwlpdwhv ri wkh dh vfdoh @ = D frkruw dqdo|vlvK

Plq1 hgxfdwlrq Deryh plq hgxfdwlrq
4 0419 316

kf 0314;6 031385
+31336, +31339,

k� 51595 31886
+31339, +31339,

k2 081;7; 041788
+31349, +31354,

B� 713:8 31;77
+313:;, +31376,

Qxpehu ri frkruw rev1 4;9 4;7
d= � orj frqvxpswlrq gh dwhg zlwk wkh frqvxphu sulfh lqgh{ dqg dgmxvwhg iru |hdu h�hfwv

e= Wkh frkruwv duh edvhg rq wkh |hdu ri eluwk ri wkh zlih +8 |hdu edqgv,

- lqglfdwlqj vljql�fdqwo| gl�huhqw iurp }hur dw d 8 shu fhqw ohyho

Wkh qxpehuv lq wkh eudfnhwv duh vwdqgduv huuruv

wkdw wkh hfrqrplhv ri vfdoh lv yhu| lpsruwdqw iru wkh ohvv hgxfdwhg jurxs
zkloh wkhuh lv d prghvw ghjuhh ri hfrqrplhv ri vfdoh iru wkh pruh hgxfdwhg
jurxs1 Iru wkh ohvv hgxfdwhg jurxs/ wkh frqvxpswlrq zloo lqfuhdvh e| 56
shu fhqw li wkh idplo| lqfuhdvhv iurp wzr dgxowv wr wkuhh dgxowv zkloh iru wkh
pruh hgxfdwhg jurxs wkh vlplodu qxpehu lv 9< shu fhqw1 Wr looxvwudwh wkh
lpsdfw ri djh rq wkh frqvxpswlrq wkh djh sur�ohv iru erwk hgxfdwlrq jurxsv
duh slfwxuhg lq �jxuh .1 Zh �qg wkdw kdylqj vpdoo fkloguhq dfwxdoo| orzhuv
frqvxpswlrq e| derxw 53 shu fhqw iru wkh ohvv hgxfdwhg jurxs dqg 8 shu
fhqw iru wkh pruh hgxfdwhg jurxs1 Iru wkh ohvv hgxfdwhg jurxs wkh frvw ri
fkloguhq lv doprvw frqvwdqw dw whq shu fhqw iurp wkh djh ri 8 wr 45/ zkloh wkh
frvw lqfuhdvhv iurp wkh djh ri 451 Iru wkh pruh hgxfdwhg jurxs wkh frvw lv
lqfuhdvlqj iru wkh hqwluh shulrg exw dw d idvwhu udwh diwhu wkh djh ri 451 Wkhvh
hvwlpdwhv lqglfdwh wkdw wkh djh ri wkh fklog lv lpsruwdqw zkhq frqvlghulqj
dh vfdohv1 Lq wkh qh{w vhfwlrq zh looxvwudwh wkh lpsruwdqfh ri doorzlqj wkh dh
vfdoh wr ydu| zlwk wkh djh1
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815 Frpsohwhg ihuwlolw|

Lq wkh hfrqrphwulf vhfwlrq zh rxwolqhg wkdw hvwlpdwlqj frpsohwhg ihuwlolw|
lq dq rqh0fklog prgho zdv idluo| vlpsoh1 Xqiruwxqdwho|/ zkhq h{whqglqj wkh
prgho wr ghdo zlwk pruh wkdq wzr w|shv ri frpsohwhg ihuwlolw| wkh hvwlpdwlrq
surfhgxuh ehfrphv pruh frpsolfdwhg dqg zh zloo qhhg pruh dvvxpswlrqv1
Lq rxu iudphzrun/ zh frqvlghu irxu w|shv ri krxvhkrogv/ zklfk duh edvhg rq
frpsohwhg ihuwlolw|= qr fkloguhq/ rqh fklog/ wzr fkloguhq dqg pruh wkdq wzr
fkloguhq1 Iru wkh ixuwkhu dqdo|vhv zh qhhg wkh glvwulexwlrq +iru hdfk frkruw, ri
wkhvh irxu w|shv jlyhq wkdw qr fkloguhq duh fxuuhqwo| suhvhqw lq wkh krxvhkrog1
Wr frqvwuxfw wkh frqglwlrqdo glvwulexwlrq hlwkhu h{whuqdo fhqvxv lqirupdwlrq
ru lqwhuqdo lqirupdwlrq iurp wkh gdwd fdq eh xvhg1 Zh kdyh fkrvhq wkh odwwhu1
Lghdoo|/ zh qhhg d prgho iru wkh wlplqj dqg vsdflqj ri eluwkv dqg d prgho
h{sodlqlqj zkhq fkloguhq ohdyh krph1 Zh kdyh xvhg d vrphzkdw vlpsohu
dssurdfk zkhuh rqo| lqirupdwlrq rq wkh fxuuhqw krxvhkrog frpsrvlwlrq lv
qhhghg1 Wr hvwlpdwh wklv glvwulexwlrq wzr lghqwli|lqj dvvxpswlrqv duh qhhghg1
Iluvwo|/ zh dvvxph wkdw dw rqh srlqw +dqg wklv lv wkh vdph iru doo krxvhkrogv
lq wkh frkruw, gxulqj wkh olih f|foh wkh frpsohwhg ihuwlolw| lv uhyhdohg1 Zh
kdyh fkrvhq wklv srlqw wr eh zkhq wkh zlih lv djhg 6: ru 6;1 Wklv phdqv/ iru
lqvwdqfh/ wkdw li zh revhuyh d krxvhkrog zlwk wkh zlih djhg 6: dqg zlwk qr
fkloguhq olylqj lq wkh krxvhkrog zh dvvxph wkdw wklv krxvhkrog qhyhu kdv kdg
dqg qhyhu zloo kdyh fkloguhq1 Wklv lv r� frxuvh d yhu| uhvwulfwlyh dvvxpswlrq
ehfdxvh zrphq fdq kdyh fkloguhq odwhu ru vrph pljkw kdyh kdg fkloguhq yhu|
hduo| zkr douhdg| kdyh ohiw krph1 Krzhyhu/ wkh gdwd vkrz wkdw wkh iudfwlrq
ri krxvhkrogv zlwk qr fkloguhq lv orzhvw zkhq wkh zlih lv 6: |hduv rog dqg wkh
iudfwlrq ri krxvhkrogv zlwk pruh wkdq wzr fkloguhq lv kljkhvw dw wkh vdph djh/
zklfk surylghv vrph vxssruw iru rxu dvvxpswlrq1 Wkh vhfrqg dvvxpswlrq lv
wkdw qxpehu ri fkloguhq olylqj lq d krxvhkrog fdq rqo| fkdqjh e| rqh fklog
shu |hdu> wklv phdqv wkdw rqo| rqh fklog fdq eh eruq shu |hdu dqg rqo| rqh
fklog fdq ohdyh krph shu |hdu1 Jlyhq wkhvh wzr dvvxpswlrqv/ lw lv srvvleoh
wr hvwlpdwh wkh frqglwlrqdo glvwulexwlrq ri wkh irxu w|shv iurp wkh revhuyhg
qxpehu ri fkloguhq olylqj lq wkh krxvhkrog1 Zh doorz wkh glvwulexwlrq wr
gl�hu dfurvv djh/ hgxfdwlrq jurxsv dqg eluwk |hdu ri wkh zlih1 Wr uhgxfh wkh
lq xhqfh ri vdpsolqj yduldwlrq rq wkh hvwlpdwhv zh kdyh xvhg d vprrwklqj
surfhgxuh> wkh ghwdlov ri wkh hvwlpdwlrq duh jlyhq lq wkh dsshqgl{ 1

Lq �jxuh H/ wkh suhglfwhg udwlr ri krxvhkrogv zkr/ dw vrph srlqw/ zloo
kdyh wzr fkloguhq exw dw wkh jlyhq djh gr qrw kdyh fkloguhq lq wkh krxvhkrog
lv suhvhqwhg1 Wkh vlplodu udwlr ri krxvhkrog zklfk qhyhu zloo kdyh fkloguhq lv
vkrzq lq wkh vdph gldjudp1 Wkh suredelolwlhv duh fdofxodwhg iru d krxvhkrog
ehorqjlqj wr wkh hgxfdwhg jurxs dqg iru zklfk wkh zlih zdv eruq lq 4<731
Wkh zd| wr lqwhusuhw wkh �jxuh lv/ iru h{dpsoh/ dw wkh djh ri 63 rqo| 4<
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shu fhqw ri wkh fklogohvv krxvhkrogv zloo hqg xs kdylqj wzr fkloguhq zkloh
76 shu fhqw zloo uhpdlq fklogohvv1 E| frqvwuxfwlrq wkh udwlr ri krxvhkrogv
zklfk qhyhu zloo kdyh fkloguhq vkrxog eh rqh dw wkh djh 6: dqg 6;1 Vlqfh
wkhvh udwlrv duh xvhg wr frqvwuxfw wkh frxqwhu idfwxdo frqvxpswlrq/ lw lv
lpsruwdqw wkdw wkh| duh uholdeoh1 Wr fkhfn wkhvh �jxuhv/ dqrwkhu vrxufh
ri lqirupdwlrq kdv ehhq xvhg/ qdpho| wkh djh ri wkh roghvw fklog fxuuhqwo|
olylqj lq wkh krxvhkrog1 Wkh djh ri wkh roghvw fklog fdq eh xvhg wr lpsxwh wkh
frqglwlrqdo glvwulexwlrq iru krxvhkrog djhg ehorz 6:1 D frpsdulvrq ri wkh
wzr hvwlpdwhg glvwulexwlrqv uhyhdov d kljk ghjuhh ri vlplodulw|1 Xqiruwxqdwho|
wkh dvvxpswlrq ri frpsohwhg ihuwlolw| ehlqj revhuyhg dw djh 6: lv qhhghg lq
erwk hvwlpdwlrq surfhgxuhv/ dqg wkhuhiruh wkh vhqvlwlylw| ri wklv dvvxpswlrq
fdqqrw eh h{dplqhg1

Wdeoh 5= Wrwdo frvw ri fkloguhq @ = D frkruw dqdo|vlvK

Plq1 hgxfdwlrq Deryh plq hgxfdwlrq
Frvw ri rqh fklog 31435 31654

+31646, +316:6,
Frvw ri wzr fkloguhq 31593 031678

+3166:, +31696,
Frvw ri pruh wkdq wzr fkloguhq 317:; -41689 31;56

+31855, +3199<, +31778,
Qxpehu ri frkruw rev1 548 4<; 4<;
d= � orj frqvxpswlrq gh dwhg zlwk wkh frqvxphu sulfh lqgh{ dqg dgmxvwhg iru |hdu h�hfwv

e= Wkh frkruwv duh edvhg rq wkh |hdu ri eluwk ri wkh zlih +8 |hdu edqgv,

- lqglfdwlqj vljql�fdqwo| gl�huhqw iurp }hur dw d 8 shu fhqw ohyho

Wkh qxpehuv lq wkh eudfnhwv duh vwdqgduv huuruv

Edvhg rq wkh hvwlpdwhg frqglwlrqdo glvwulexwlrq ri frpsohwhg ihuwlolw| zh
duh lq sulqflsdo deoh wr hvwlpdwh wkh uhodwlyh h{shqglwxuhv ri *fklogohvv* dqg
*fkloguhq* krxvhkrogv iurp wkh frqvxpswlrq ri wkh *qr fkloguhq* jurxs1 Wkh
hvwlpdwlrq lv edvhg rq htxdwlrq +;,/ zklfk lq wkh iudphzrun zlwk irxu w|shv
ri krxvhkrogv fdq eh jhqhudolvhg wr

.|E*? S�|m5�| ' f� ' *? Sf n6�

| E*? S
� � *? Sf�

n62

| E*? S
2 � *? Sf� n6�

| E*? S
� � *? Sf��

6�
| lv wkh frqglwlrqdo suredelolw| ri kdylqj � fkloguhq dw vrph srlqw exw dw

wlph | qrq ri wkh fkloguhq duh olylqj lq wkh krxvhkrog1 Jlyhq wkdw zh fdq
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rewdlq hvwlpdwhv ri wkh frqglwlrqdo suredelolwlhv= 6�

| 62

| dqg 6�

| wkh uhodwlyh
h{shqglwxuhv fdq eh hvwlpdwhg iurp wkh htxdwlrq deryh1 Krzhyhu/ zh pd|
h{shfw lpsuhflvh hvwlpdwhv gxh wr wkh idfw wkdw zh kdyh yhu| ihz revhuydwlrqv
lq hdfk fhoo1 Lq wdeoh 5/ wkh hvwlpdwhv duh uhsruwhg1 Wkh hvwlpdwhv lqglfdwh iru
wkh ohvv hgxfdwhg jurxs wkdw wkh frvw ri fkloguhq ghpdqgv wkdw d krxvhkrog
zklfk zloo kdyh rqh fklog vkrxog orzhu wkh frqvxpswlrq zlwk derxw whq shu
fhqw zkhq wkh fklog lv qrw suhvhqw lq rughu wr vdyh iru wkh kljkhu frqvxpswlrq
dqg orzhu lqfrph zkhq wkh fklog lv suhvhqw1 Lq wkh hvwlpdwlrq edvhg rq
wkh pruh hgxfdwhg jurxs wkh uhvxowv vhhp d elw vxusulvlqj/ vlqfh wkh uhvxowv
lqglfdwh wkdw wkhuh lv d jdlq iurp kdylqj wzr fkloguhq frpsduhg wr qrw kdylqj
fkloguhq<1 Zkhwkhu wklv lv d idfw ru vlpso| gxh wr vwdwlvwlfdo xqfhuwdlqw| lv
gl!fxow wr whoo1 Lq wkh odvw froxpq zh kdyh uhvwulfwhg frvw ri rqh fklog dqg
wzr fkloguhq wr eh }hur1 Jlyhq wkhvh uhvwulfwlrqv zh �qg wkdw wkh frvw ri
kdylqj pruh wkdq wzr fkloguhq phdqv wkdw wkhvh krxvhkrogv kdyh wr orzhu
wkhlu frqvxpswlrq wr derxw ;3 shu fhqw zkhq qr fkloguhq duh suhvhqw1 Lq wkh
iroorzlqj zh zloo xvh wkh odvw froxpq iru fruuhfwlrq ri wkh frqvxpswlrq iru
wkh pruh hgxfdwhg jurxs1

9 Dgmxvwhg frqvxpswlrq1

914 Ixoo vdpsoh uhvxowv1

Lq wklv vhfwlrq zh frqvwuxfw wkh dgmxvwhg frqvxpswlrq sdwkv1 Dv vkrzq lq wkh
wkhru| vhfwlrq zh fdq frqvwuxfw wkh frxqwhu0idfwxdo frkruw frqvxpswlrq xs wr
d frqvwdqw/ zklfk pd| ghshqg rq wkh frkruw1 Wklv phdqv wkdw wkh dgmxvwhg
frkruw frqvxpswlrq vkrxog eh frqvwdqw ryhu wkh olih f|foh1 Wkh frxqwhu0
idfwxdo frqvxpswlrq fdq eh frqvwuxfwhg hlwkhu iurp wkh wrwdo vdpsoh ru iurp
wkh vdpsoh ri wkh qr fkloguhq* jurxs1 Lq wkh iroorzlqj dgmxvwhg frqvxpswlrq
lv hvwdeolvkhg rq wkh edvlv ri wkh fruuhfwlrq rxwolqhg lq wkh suhylrxv vhfwlrq1

Zkhq dgmxvwlqj wkh wrwdo vdpsoh/ wkh hvwlpdwhv ri wkh dgxow htxlydohqw
vfdohv dqg hfrqrplhv ri vfdoh duh xvhg1 Wkh dgmxvwhg frqvxpswlrq sdwkv duh
vkrzq lq �jxuh b1 Wkh frqvxpswlrq sdwkv ri erwk hgxfdwlrq jurxsv vhhp
eh doprvw frqvwdqw iru hdfk frkruw/ dowkrxjk wkh frqvxpswlrq ri wkh ohvv
hgxfdwhg jurxs lv ghfolqlqj iurp wkh djh ri 831 Iru wkh ohvv hgxfdwhg jurxs/
zh �qg rqo| zhdn hylghqfh ri frkruw h�hfwv/ krzhyhu wkh judskv ri wkh pruh
hgxfdwhg jurxs uhyhdo vwurqj frkruw h�hfwv1 Wkh |rxqjhvw frkruw lq wkh
pruh hgxfdwhg jurxs +eruq 4<9304<97, kdv d frqvxpswlrq zklfk lv derxw
68 shu fhqw kljkhu wkdq wkh roghvw frkruw +eruq 4<4304<47,1 Wkh gl�huhqfhv

<Zh frqmhfwxuh wkdw vrph ri wklv lv gxh wr wkh gl�huhqfhv lq fruuhodwhg khwhurjhqhlw|

ehwzhhq zrun dqg fkloguhq ehwzhhq wkh wzr hgxfdwlrq jurxsv1
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ehwzhhq wkh frkruw h�hfwv iru wkh wzr hgxfdwlrq jurxsv duh frqvlvwhqw zlwk
uhfhqw �qglqjv rq wkh glyhujhqfh ehwzhhq wkh zdjhv ri gl�huhqw hgxfdwlrq
jurxsv1

Iru frpsdulvrq zh kdyh slfwxuhg wkh dgmxvwhg frqvxpswlrq zkhuh rqo|
wkh idplo| vl}h kdv ehhq xvhg iru fruuhfwlrq1 Wklv prgho lv qhvwhg lq wr wkh
prgho jlyhq e| +45, zlwk wkh uhvwulfwlrq jlyhq lq +47,1 Lq wklv h{huflvh/ 4 kdv
ehhq �{hg wr }hur/ zklfk fruuhvsrqgv wr xvlqj wkh orj ri krxvhkrog vl}h431 E|
qhjohfwlqj wkh djh ri wkh fkloguhq zh lpsrvh wkdw frqvxpswlrq shdnv hduolhu/
vshfl�fdoo| durxqg wkh djh ri 73 lqvwhdg ri lq wkh plg0iruwlhv/ vhh �jxuh �f1
Wklv phdqv wkdw lw lv qrw srvvleoh wr rewdlq d frqvwdqw frqvxpswlrq sdwkv
zkhq rqo| krxvhkrog vl}h lv xvhg iru wkh fruuhfwlrq1 Wklv h{huflvh hpskdvlvhv
wkh lpsruwdqfh ri wdnlqj dffrxqw ri wkh djh ri wkh fkloguhq olylqj lq wkh
krxvhkrog1

915 Wkh *qr fkloguhq* vdpsoh

Wkh qr fkloguhq vdpsoh lv dgmxvwhg e| wkh hvwlpdwhg wrwdo frvw ri fkloguhq/
vhh �jxuh ��1 Iru wkh pruh hgxfdwhg jurxs zh xvh wkh hvwlpdwh edvhg rq wkh
odvw froxpq lq wdeoh 51 Wkh dgmxvwhg frqvxpswlrq ri wkh ohvv hgxfdwhg jurxs
lv doprvw frqvwdqw dqg wkh kxps vkdsh kdv ehhq uhpryhg +frpsduhg zlwk
�jxuh S,1 Iru wkh pruh hgxfdwhg jurxs lw lv gl!fxow wr vd| li wkh frqvxpswlrq
lv pruh  dw diwhu wkh dgmxvwphqw ehfdxvh wkh judskv duh yhu| qrlv|1

: Frqfoxvlrq

Pdq| vwxglhv kdyh frqfoxghg wkdw d suhfdxwlrqdu| vdylqj prwlyh lv qhhghg
wr h{sodlq wkh olihwlph sdwk ri krxvhkrog frqvxpswlrq hyhq li zh doorz iru
wkh h�hfwv ri ghprjudsklfv1 Lq wklv vwxg|/ zh ghprqvwudwh wkdw zkhq wdnlqj
surshu dffrxqw ri wkh suhvhqfh ri fkloguhq/ idplo| frpsrvlwlrq fdq h{sodlq wkh
kxps0vkdsh lq frqvxpswlrq1 Wkh hpslulfdo �qglqjv vwuhvv wkh lpsruwdqfh
ri doorzlqj wkh dgxow htxlydohqw vfdoh wr ghshqg rq wkh djh ri wkh fklog1 Iru
h{dpsoh/ zh �qg wkdw kdylqj vpdoo fkloguhq lq wkh krxvhkrog dfwxdoo| orzhuv
frqvxpswlrq1

Ixuwkhupruh/ zh vkrz wkdw dgmxvwlqj frqvxpswlrq iru krxvhkrog frpsr0
vlwlrq lv yhu| gl!fxow wr gr iru lqglylgxdo krxvhkrogv xqohvv orqj sdqho gdwd
revhuydwlrqv rq krxvhkrog frqvxpswlrq duh dydlodeoh1 Zh dovr vkrz wkdw
hvwlpdwlqj wkh lpsdfw ri fkloguhq iurp d furvv vhfwlrq zloo ohdg wr grzq0
zdugv eldvvhg hvwlpdwhv1 Krzhyhu/ erwk hvwlpdwlqj dh vfdohv dqg dgmxvw0

43Dv phqwlrqhg hduolhu wkhuh duh qr vxevwdwldo gl�huhqfh li � lv �{hg dq dqrwkhu ohyho1
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lqj frqvxpswlrq iru frpsrvlwlrq h�hfwv fdq pruh uhdglo| eh dfklhyhg xvlqj
txdvl0sdqho gdwd1

Pruhryhu/ zh vkrz wkdw wkh lqwxlwlyho| dsshdolqj dssurdfk ri rqo| frqvlg0
hulqj frqvxpswlrq ri krxvhkrogv zlwkrxw fkloguhq zloo vwloo ohdg wr d kxps0
vkdshg frqvxpswlrq sur�oh1 Wkh uhdvrq iru wklv vrphkrz vxusulvlqj �qglqj
lv wkdw lq wkh qr fkloguhq* jurxs frqvlvwv ri gl�huhqw w|shv ri krxvhkrogv dw
gl�huhqw djhv> h1j1 iru |rxqj djhv wkh jurxs frqwdlqv krxvhkrogv zkr duh
jrlqj wr kdyh fkloguhq odwhu dqg krxvhkrogv zkr qhyhu zloo kdyh fkloguhq1
Dowkrxjk wkh frqvxpswlrq ri wkh qr fkloguhq* jurxs fdqqrw gluhfwo| eh xvhg
iru whvwlqj iru wkh olih f|foh prgho/ zh fdq vwloo ghulyh dq dgmxvwhg qr fkloguhq*
frqvxpswlrq sur�oh rq wkh edvlv ri wkh suhglfwhg udwlr ri krxvhkrogv zklfk
zloo hqg xs zlwk kdylqj fkloguhq1 Lq wkh sdshu zh suhvhqw rqh zd| ri ghuly0
lqj wkh frqglwlrqdo suredelolw| ri kdylqj fkloguhq jlyhq wkdw wkh krxvhkrog
gr qrw kdyh dq| dw wkh suhvhqw1 Edvhg rq wkhvh frqglwlrqdo suredelolwlhv zh
rewdlq dq h{suhvvlrq iru wkh wrwdo frvw ri fkloguhq/ zklfk frqwdlqv iruhjrqh
lqfrph dqg h{wud frqvxpswlrq zkhq fkloguhq duh suhvhqw1 Hyhq wkrxjk wkh
wrwdo frvw hpslulfdoo| lv yhu| lpsuhflvho| ghwhuplqhg/ zh surylgh d iudph0
zrun lq zklfk lw lv srvvleoh wr hvwlpdwh wkh wrwdo frvw ri fkloguhq/ zklfk wr
rxu nqrzohgjh qrw kdyh ehhq suhvhqwhg ehiruh1 Wr vxppdul}h/ zh xvh wkh
wrwdo vdpsoh wr hvwlpdwh wkh dh vfdoh zkloh wkh wrwdo frvw ri fkloguhq fdq eh
hvwlpdwhg iurp wkh qr fkloguhq* jurxs*1

Lq pruh jhqhudo whupv/ wklv h{flvh vkrzv zkhq zrunlqj zlwk uhshdwhg furvv
vhfwlrqv vhohfwlqj dffruglqj wr wlph frqvwdqw yduldeoh udlvhv yhu| gl�huhqw
lvvxhv wkdw zkhq vhohfwlqj d wlph ydu|lqj yduldeoh/ h1j1 wkh suhvhqw ri fkloguhq1
Wklv pljkw dovr eh uhohydqw lq rwkhu frqwh{wv/ h1j1 zkhq wkh vhohfwlrq lv pdgh
rq wkh edvlv ri rffxsdwlrq udwkhu wkdq hgxfdwlrq/ zkhuh zh h{shfw hgxfdwlrq
wr eh doprvw frqvwdqw ryhu wlph zkloh wkh rffxsdwlrq pd| fkdqjh ryhu d olih
f|foh1 Wklv lv rqh ri wkh uhdvrqv iru zk| wkh lpsxwhg hgxfdwlrq lv lqwurgxfhg/
zklfk doorz xv wr edvh wkh frkruwv rq hgxfdwlrq hyhq lq wkh wlph shulrgv
zkhuh hgxfdwlrq lv qrw uhsruwhg1 D frpsdulvrq ehwzhhq frqvxpswlrq sdwkv
ri dfwxdoo| dqg lpsxwhg uhyhdov d kljk ghjuhh ri fruuhvsrqghqfh/ zklfk pljkw
pdnh wklv whfkqltxh xvhixo iru rwkhu sxusrvhv1

Krzhyhu/ rqh sureohp zklfk uhpdlqv xqvroyhg lv wkh vhohfwlrq ri pduulhg
frxsohv1 Wr ghdo surshuo| zlwk wklv sureohp zh qhhg wr ghyhors d pduuldjh
prgho/ zklfk h{sodlqv wkh frqqhfwlrq ehwzhhq pdulwdo vwdwxv dqg olih wlph
lqfrph1
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^5` Dwwdqdvlr/ Rud}lr dqg Pduwlq Eurzqlqj +4<<8,/ �Frqvxpswlrq ryhu wkh
olih f|foh dqg ryhu wkh exvlqhvv f|foh�/ Dphulfdq Hfrqrplf Uhylhz/ ;8/
444;0446:1

^6` Dwwdqdvlr/ Rud}lr dqg JxjolhoprZhehu +4<<8,/ �Lv frqvxpswlrq jurzwk
frqvlvwhqw zlwk lqwhuwhpsrudo rswlplvdwlrqB Hylghqfh iurp wkh Frq0
vxphu H{shqglwxuh Vxuyh|�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 436/ 44540
448:1

^7` Dwwdqdvlr/ Rud}lr dqg Jxjolhopr Zhehu +4<<6,/ �Frqvxpswlrq jurzwk/
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7<1

^8` Eoxqghoo/ Ulfkdug/ Pduwlq Eurzqlqj dqg Frvwdv Phjklu +4<<7,/ �Frq0
vxphu ghpdqg dqg wkh olihwlph doorfdwlrq ri frqvxpswlrq/ Uhylhz ri

Hfrqrplf Vwxglhv/ 94/ 8:0;31

^9` Eoxqghoo/ Ulfkdug dqg Wkrpdv PdFxug| +4<<<,/ �Oderu Vxsso|= D
uhylhz ri dowhuqdwlyh dssurdfkhv�/ Zrunlqj sdshu Lqvwlwxwh ri Ilvfdo
Vwxglhv

^:` Eurzqlqj/ Pduwlq +4<<<,/ �Vdylqj lq d wzr shuvrq krxvhkrog�/ Vfdqgl0
qdyldq Mrxuqdo ri Hfrqrplfv/ iruwkfrplqj1

^;` Eurzqlqj/ Pduwlq/ Dqjxv Ghdwrq dqg Pdujduhw Lulvk +4<;8,/ �D suri0
lwdeoh dssurdfk wr oderu vxsso| dqg frpprglw| ghpdqgv ryhu wkh olih0
f|foh�/ Hfrqrphwulfd/ 86/ 8360771

^<` Eurzqlqj/ Pduwlq/ Oduv Shwhu Kdqvhq dqg Mdphv M1 Khfnpdq +4<<<,/
�Plfur Gdwd dqg Jhqhudo Htxloleulxp Prghov�/ Glvfxvvlrq sdshu/ Lqvwl0
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^45` Fduuroo/ Fkulvwrskhu dqg Odzuhqfh Vxpphuv +4<<4,/ �Frqvxpswlrq
jurzwk sdudoohov lqfrph jurzwk=vrph qhz hylghqfh�/ lq E1G1 Ehuqkhlp
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931
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dqg Lq dwlrq Wkhru|/ Qhz \run1

^53` Qdjdwdql/ Nhl}r +4<:5,/ �Olih f|foh vdylqj= wkhru| dqg idfw� Dphulfdq
Hfrqrplf Uhylhz/ 95/ 6770861

^54` Qdwlrqdo uhvhdufk frxqflo +4<<8,/ Phdvxulqj Sryhuw|= d qhz dssurdfk/
Qdwlrqdo Dfdghp| Suhvv/ Zdvklqjwrq GF1

^55` Vfkxow}/ Sdxo W1+4<<<,/ �Zkr lv khdg ri wkh krxvhkrog�/ suhvhqwhg dw
wkh HVSH frqihuhqfh/ Wxulq 4<<<1

^56` Wkxurz/ Ohvwhu +4<9<,/ �Wkh rswlpxp olihwlph glvwulexwlrq ri frqvxps0
wlrq h{shqglwxuhv� Dphulfdq Hfrqrplf Uhylhz/ 8</ 6570631
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^58` Ydq ghu Noddxz/ Zloehuw +4<<9,/ �Ihpdoh Oderxu Vxsso| dqg Pdulwdo
Vwdwxv Ghflvlrq� Wkh Uhylhz ri Hfrqrplf Vwxglhv/ 96/ 4<<05681

D Dsshqgl{

D14 Hvwlpdwlqj wkh suhglfwhg hgxfdwlrq

Rq wkh edvlv ri wkh hgxfdwlrq gxpp| zklfk lv revhuyhg iurp 4<:;04<<8 d
orjlw prgho lv hvwlpdwhg1 Wkh h{sodqdwru| yduldeohv duh gxpp| yduldeohv
iru rffxsdwlrq/ krxvhkrog whqxuh/ hpsor|phqw vwdwxv ri kxvedqg dqg zlih/
uhvshfwlyho|/ eluwk frkruwv/ uhjlrq ri uhvlghqfh dqg d wklug rughu sro|qrplxp
lq wkh kxvedqg*v |hdu ri eluwk dqg �qdoo| wkh djh gl�huhqfh ehwzhhq wkh
zlih dqg kxvedqg lq ohyhov dqg lqwhudfwhg zlwk |hdu ri eluwk1 Lq wrwdo zh
xvh 8; h{sodqdwru| yduldeohv1 Wkh uhvxowv vkrz wkdw rffxsdwlrq gxpplhv
dqg gxpplhv iru krxvhkrog whqxuh kdyh d odujh h{sodqdwru| srzhu1 Pruh
vxusulvlqjo| lv wkdw wkh djh gl�huhqfh ehwzhhq kxvedqg dqg zlih vhhpv wr
suhglfw wkh kxvedqg*v hgxfdwlrq ohyho1 Li wkhuh kxvedqg lv pxfk roghu wkdq
wkh zlih wkh kxvedqg lv ohvv olnho| wr ehorqj wr wkh pruh hgxfdwhg jurxs1
Krzhyhu wkh h�hfw ydqlvkhv iru |rxqjhu eluwk frkruwv1 Wkh hvwlpdwlrq lv
shuiruphg rq d vdpsoh ri krxvhkrogv zlwk wkh kxvedqg djhg iurp 53 wr 971
Wkh vdpsoh frqvlvwv ri 97/3;7 revhuydwlrqv dqg wkh -2 lv htxdo wr 31543:1

Rq wkh edvlv ri wkh hvwlpdwhg suredelolw| kh lpsxwhg lv frqvwuxfwhg dv
ghvfulehg lq vhfwlrq 71 D frpsdulvrq ehwzhhq wkh dfwxdo dqg lpsxwhg hgx0
fdwlrq uhyhdov d kljk ghjuhh ri fruuhvsrqghqfh1 Ehorz lv vkrzq d furvv wdeoh
ri wkh dfwxdo dqg lpsxwhg hgxfdwlrq1

Wdeoh 6= D frpsdulvrq ri dfwxdo dqg lpsxwhg hgxfdwlrq

Lpsxwhg
Dfwxdoo| Plq1 hgxfdwlrq Deryh plq hgxfdwlrq Wrwdo
Plq1 hgxfdwlrq 5</45; ;/7:8 6:/936
Deryh plq hgx1 ;/7:3 4;/344 59/7;4
Wrwdo 6:/8<; 59/7;9 97/3;7
Shduvrq jrrgqhvv ri �w whvw= "5+4, @ 46585=9: s0ydoxh@3133
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D15 Hvwlpdwlqj wkh frqglwlrqdo glvwulexwlrq ri w|shv ri

krxvhkrogv

Wklv vhfwlrq ghvfulehv krz wkh frqglwlrqdo glvwulexwlrqv ri gl�huhqw krxvh0
krogv w|shv duh hvwlpdwhg1 Ohw 5�| eh wkh qxpehu ri fkloguhq suhvhqw lq
krxvhkrog � zkhq wkh zlih lv djhg |� Ohw 5� eh wkh wrwdo qxpehu ri fkloguhq
krxvhkrog � hyhu zloo kdyh1 Wkh ydoxhv iru ri yduldeohv duh 3/4/ 5 dqg 6. +6
dqg pruh wkdq 6 fkloguhq,1 Lq wkh iroorzlqj krxvhkrog ri w|sh � zloo uhihu wr
5� ' �c � ' fc �c 2c �n1

Iru wkh fruuhfwlrq ri frqvxpswlrq ri krxvhkrogv zlwk qr fkloguhq olylqj
lq wkh krxvhkrog/ zh zloo qhhg wkh glvwulexwlrq ri w|shv frqglwlrqhg rq ehlqj
revhuyhg zlwk qr fkloguhq=

#�c| ' �hE5� ' �m5�| ' f� � ' fc �c 2c � n

Wr eh deoh wr lghqwli| dqg hvwlpdwh wkhvh suredelolwlhv iurp wkh vrxufh ri
gdwd dydlodeoh vrph dvvxpswlrqv duh qhhghg1

DVVXPSWLRQ 4=

Dw rqh srlqw lq wkh olih ri wkh krxvhkrogv wkh frpsohwhg ihuwlolw| ri wkh

krxvhkrog fdq eh revhuyhg1 Khuh/ wkh wrwdo qxpehu ri fkloguhq lv dvvxphg

wr eh revhuydeoh zkhq wkh zlih lv djhg 6: dqg 6;1 Wklv phdqv wkdw zlih lv

dvvxphg qrw wr jlyh eluwk diwhu wkh djh ri 6: dqg rq wkh rwkhu kdqg fkloguhq

duh dvvxphg wr vwd| lq wkh krxvhkrog xqwlo wkh zlih lv djhg 6:1 Wkh dvvxpswlrq

fdq eh irupdol}hg dv

�hE5� ' ��m5��. ' �2� '

�
� li �� ' �2
3 li �� 9' �2

�hE5� ' ��m5��H ' �2� '

�
� li �� ' �2
3 li �� 9' �2

Jlyhq dvvxpswlrq 4 wkh xqfrqglwlrqdo glvwulexwlrq ri w|sh ri krxvhkrogv fdq
eh ghwhuplqhg dv

�hE5� ' �� ' �hE5��. ' ���

Lq wkh vdpsoh wkh suredelolw| ri D�| ' �hE5�| ' �� fdq hdvlo| eh hvwlpdwhg
vlpso| e| wkh iudfwlrq ri krxvhkrogv zlwk wkh zlih djhg r dqg revhuyhg zlwk
� fkloguhq wr wkh wrwdo qxpehu ri krxvhkrogv zlwk d zlih djhg r

	D�| '
rikrxvhkrogv zlwk @}e ' r dqg 5�r ' �j

rikrxvhkrogv zlwk @}e ' rj
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Lq rughu wr plqlpl}h wkh lpsdfw ri vdpsolqj yduldwlrq zh kdyh vprrwkhq
wkhvh suredelolwlhv e| hvwlpdwlqj d pxowlqrpldo orjlw prgho iru wkh irxu do0
whuqdwlyhv1 Wkh h{sodqdwru| yduldeohv duh d irxuwk rughu sro|qrplxp lq djh
dqg frkruw gxpplhv1 Edvhg rq wklv fdofxodwlrq wkh xqfrqglwlrqdo glvwulex0
wlrq ri w|shv duh ghwhuplqhg wr

w|sh zlwk 5� ' f 31399
w|sh zlwk 5� ' � 314:8
w|sh zlwk 5� ' 2 31775
w|sh zlwk 5� ' �n 3164:

Iurp wkh vrxufh ri gdwd dydlodeoh/ wkhuh duh wzr dowhuqdwlyh zd|v ri gh0
whuplqlqj >�c|� Wkh �uvw phwkrg h{sorlwv wkh idfw wkdw zh nqrz wkh djh ri wkh
fkloguhq olylqj lq wkh krxvhkrog +xqiruwxqdwho|/ wkh djh lv wuxqfdwhg dw 4;
|hduv rog,1 Iurp wklv lqirupdwlrq lw lv srvvleoh wr frqvwuxfw wkh glvwulexwlrq
ri wkh djh ri �uvw eluwk iru hdfk w|sh e| xvlqj wkh glvwulexwlrq dw wkh djh ri
6:1

�hE5�| ' fm5��. ' ��

'
rikrxvhkrogv zlwk @}e ' �.c djh ri �uvw eluwk : | dqg 5��. ' �j

rikrxvhkrogv zlwk @}e ' �.dqg 5��. ' �j

iru | 	 �.

Vlqfh zh nqrz wkh xqfrqglwlrqdo glvwulexwlrqv rqh fdq hdvlo| frqvwuxfw #�c|
iru | 	 �. G

�hE5� ' �m5�| ' f� ' �hE5�| ' fm5� ' ��
�hE5� ' ��

�hE5�| ' f�
�

E| uhsodflqj wkh dfwxdoo| suredelolwlhv zlwk fruuhvsrqglqj hvwlpdwhv/ dq hv0
wlpdwh ri #�c| lv rewdlqhg1

Wkh glvdgydqwdjh ri wklv phwkrg lv wkdw lw lv qrw srvvleoh wr frqvwuxfw
hvwlpdwhv ri #�c| zkhq wkh djh lv deryh 6;1 Lqvwhdg ri xvlqj wkh glvwulexwlrq
ri wkh djh ri �uvw eluwk zh fdq xvh wkh idfw wkdw zh nqrz wkh iudfwlrq ri
krxvhkrog revhuyhg zlwk 3/4 5 dqg 6. fkloguhq dw gl�huhqw djhv1 E| lpsrvlqj
uhvwulfwlrqv rq wkh wudqvlwlrqv ehwzhhq gl�huhqw qxpehu ri fkloguhq olylqj lq
wkh krxvhkrog zh rewdlq lghqwl�fdwlrq1 Wkh dvvxpswlrq lv wkh iroorzlqj=

DVVXPSWLRQ 5

Rqo| rqh fklog lv eruq shu |hdu dqg rqo| rqh fklog fdq ohdyh wkh krph

zlwklq d |hdu iru hdfk krxvhkrog1

5<



Jlyhq wkhvh dvvxpswlrqv zh fdq frqvwuxfw wkh wudqvlwlrq pdwul{1 Ohw
wudqvlwlrq suredelolw| eh jlyhq e|

b�| ' �hE5�| ' �m5�|3� ' �� � ' fc �c 2c � n �

Wkh wudqvlwlrq pdwul{ iru | 	 �. lv jlyhq e|

\| '

3
EEC

bf| f f f
E�� bf|� b�| f f

f �� b�| b2| f
f f E�� b2|� �

4
FFD �

Iru | ' �. wkh wudqvlwlrq pdwul{ lv \�. ' U dqg | � �H wkh wudqvlwlrq pdwul{
lv jlyhq e|

\| '

3
EEC

� E�� b�� f f
f b�| E�� b2|� f
f f b2| E�� b�nc|�
f f f b�nc|

4
FFD �

Wkh sdudphwhuv ri wkh wudqvlwlrq pdwul{ fdq eh lghqwl�hg iurp wkh wudqvlwlrqv

D| ' \|3��|3�

zkhuh D �| ' E�fc|c ��c|c �2c|c ��c|��
Iurp wkh wudqvlwlrq pdwulfhv zh fdq frqvwuxfw �hE5�m5�| ' f�� Zkhq | 	

�.c wkh suredelolw| �hE5�m5�| ' f� lv jlyhq e|

�hE5�m5�| ' f� ' �hE5��.m5�| ' f�

' \�S � � �\|ec

zkhuh e� ' E�c fc fc f�1 Iru | : �H zh xvh wkdw

�hE5�| ' fm5� ' �� ' �hE5�| ' fm5��H ' ��

' \|\|3� � � �\�He�c

zkhuh e� ' E�t�'f�c �t�'��c �t�'2�c �t�'�n��� E| xvlqj wkh iroorzlqj htxdwlrq=

�hE5� ' �m5�| ' f� ' �hE5�| ' fm5� ' ��
�hE5� ' ��

�hE5�| ' f�

zh fdq rewdlq dq h{suhvvlrq iru #�c|�
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D16 Iljxuhv

Iljxuh4= Vprrwkhg frqvxpswlrq

Iljxuh 5= Vlpxodwhg frqvxpswlrq dqg fkloguhq
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Iljxuh 6= Vlpxodwhg frqvxpswlrq iru qr fkloguhq vdpsoh

Iljxuh 7= Frqvxpswlrq sur�ohv edvhg rq lpsxwhg dqg dfwxdo hgxfdwlrq
+eluwk frkruw 4<7304<77,
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Iljxuh 8= Frqvxpswlrq sur�ohv iru wkh ixoo vdpsoh
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Iljxuh 9= Frqvxpswlrq sur�ohv ri *qr fkloguhq* vdpsoh
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Iljxuh := Wkh htxlydohqw dgxow +dgxow@4,

Iljxuh ;= Hvwlpdwhg frqglwlrqdo suredelolwlhv jlyhq qr fkloguhq duh suhvhqw
lq wkh krxvhkrog
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Iljxuh <= Wkh frqvxpswlrq dgmxvwhg iru krxvhkrog vl}h dqg wkh djh ri wkh
fkloguhq + ixoo vdpsoh,
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Iljxuh 43= Wkh frqvxpswlrq dgmxvwhg iru krxvhkrog vl}h +ixoo vdpsoh,

6:



Iljxuh 44= Wkh dgmxvwhg frqvxpswlrq ri wkh *qr fkloguhq vdpsoh*

6;


